
A FIELD GUIDE TO PROJECTIVE SPACES

KÜRŞAT AKER

1. Introduction

These notes are written to introduce the reader to projective spaces while keeping several
points in focus. The first point is to construct projective spaces from scratch. The second
point is to present to the reader how one can go between the coordinate description and
the coordinate-free description of various objects. The third point is to relate the geometry
of projective spaces over an arbitrary field k to the geometry of projective spaces over the
complex number field C.

Projective spaces hold an important place in algebraic geometry. A sizeable portion of alge-
braic geometry deals with projective varieties, or more generally projective schemes, which
are defined to be closed subvarieties, respectively closed subschemes of projective spaces.
Many of the foundational proofs on projective schemes follow the pattern: First, reduce the
statement about an arbitrary projective scheme to a statement about a projective space.
Second, prove the statement for projective spaces, possibly by an induction on dimension.

In addition to this central role in the algebraic geometry pantheon, projective spaces play
a pedagogical role in learning the subject. They form a formidable set of examples to better
one’s understanding of geometry. This is partly due to their rather simple nature. This
simplicity manifests itself in various ways.

One of them is the existence of homogeneous coordinates. Although the homogeneous
coordinates are not truly coordinates, they enable us to describe most other geometric objects
related to projective spaces in terms of homogeneous polynomials. Such a description in
terms of homogeneous polynomials is a very concrete form. Many problems about projective
spaces reduce to problems about matrices of homogeneous polynomials. Because of this,
concepts and problems related to projective spaces can usually be made very explicit. This
is also the reason why it is easier to deal with projective spaces using a computer program,
such as Macaulay II.

The existence of the homogeneous coordinates on a projective space also distinguishes the
projective space from a typical smooth or a complex manifold. Unlike projective spaces,
a smooth or a complex manifold almost never comes equipped with coordinates, local or
global.

Geometric spaces are of greater complexity are built by gluing simpler local models. A
smooth manifold of dimension n is built by gluing balls in Rn. A complex manifold of
dimension n is built by gluing complex balls in Cn. A scheme is built by gluing affine schemes.
Here, the local models are balls in Rn, complex balls in Cn and affine schemes respectively.
Balls in Rn are all diffeomorphic. Likewise, complex balls in Cn are all biholomorphic. In
short, the local models for a manifold of dimension n, whether smooth or complex, are all
isomorphic. On the other hand, affine schemes, the local models for schemes, are not all
isomorphic. One can argue that this is simply true because some affine schemes are singular
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whereas some are smooth. Actually, the difference between affine schemes go beyond this.
Even if you consider smooth affine schemes only, you will see that most are not isomorphic
to each other. In short, whereas smooth manifolds and complex manifolds are built from
pieces which are the same, schemes are built from pieces which are almost all different.

It is very rare that a scheme is built from local pieces which are isomorphic. Even rarer
is a scheme built by gluing affine spaces, An. Projective space is such a rare scheme, built
from gluing affine spaces.

The topology of projective spaces is easy to describe as well. They are simply-connected
in the sense that any unramified covering π : X → Pn of a projective space, Pn, should be
an isomorphism. Over complex numbers C, observe that this is equivalent to saying that
the topological fundamental group of Pn is trivial, which one can check by other means.

The complex projective space Pn
C is a CW-complex with the cell decomposition, a unique

disk D2i at every even dimension 0 ≤ 2i ≤ 2n:

D0 ∪D2 ∪ · · · ∪D2(n−1) ∪D2n.

Indeed, the complex projective space Pn
C space has the following decomposition:

C0 ∪C1 ∪ · · · ∪Cn−1 ∪Cn.

Each Ci is homeomorphic to D2i, hence the previous description.
The latter description is true for arbitrary k: The projective space Pn over a field k

decomposes as
A0 ∪A1 ∪ · · · ∪An−1 ∪An.

Such a disjoint union of affine spaces for a scheme is called an algebraic cell decomposition.
Projective spaces, and their relatives, such as Grassmann varieties, possess algebraic cell
decompositions.

Classically, projective plane was constructed adding a line at infinity to a usual plane. In
our language, this translates as a decomposition P2 = P1 ∪A2. This is true in general: For
n > 0, Pn = Pn−1 ∪An. Expanding this decomposition inductively gives the decomposition
above.

One should not be misled that problems regarding projective spaces are trivial. It is hardly
so. Philosophically, any problem concerning projective schemes can be viewed as a problem
concerning projective spaces. One can formulate quite hard problems on projective spaces.
For instance, constructing a stable vector bundle of small rank on a given projective space
of dimension n tends to be a hard problem. Or, Hartshorne’s conjecture have proved to be
unyielding over the years.

1.1. Notations and Conventions. Fix an (n+ 1)-dimensional vector space V over a field
k, a basis e0, . . . , en for V . When k = C, with 〈 , 〉 denote the standard sesquilinear form
and || · || the norm for V corresponding to the basis e0, . . . , en defined by

〈
∑

xiei,
∑

yjej〉 =
∑

xiyj (1)

and ||v|| = 〈v, v〉 for all v ∈ V .
Denote the group of invertible linear transformations of V with GL(V ), the group of in-

vertible linear transformations of determinant 1 by SL(V ). When k = C, denote the group of
Hermitean linear transformations by U(V ) and the group of Hermitean linear transformation
of determinant 1 by SU(V ).
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By a ring, we will mean a commutative unital ring. An algebra will refer to a commutative
unital k-algebra.

1.1.1. Ratios. Given two elements x, y ∈ k, with x : y denote the ratio of x to y. If y 6= 0,
then x : y = x

y
, but notice that y is allowed to be zero as well. Note that x : y = x′ : y′ if

and only if

det
(
x y
x′ y′

)
= 0.

.

1.1.2. For those who know Spec and Proj. Denote the affine space corresponding to a vector
space V by A(V ) := Spec(SymV ∨) and the corresponding projective space by P(V ) :=
Proj(SymV ∨).

This convention is the opposite of Grothendieck’s which takes P(V ) := Proj(SymV )
corresponding to projective space of 1-dimensional quotients of V . For us, a projective space
will parametrize 1-dimensional subspaces of V .

2. Starters

One can define projective space Pn over a field k in any of the following ways as

(1) the Proj of the polynomial ring k[x0, . . . , xn] graded with respect to the usual degree,
(2) the parameter space of 1-dimensional subspaces of the k-vector space kn+1,
(3) the parameter space of 1-dimensional quotients of the k-vector space kn+1,
(4) the quotient of the k-vector space kn+1 by invertible elements k∗ of k,
(5) a homogeneous variety, i.e. an algebraic group G over k modulo a subgroup P ,
(6) a toric variety, the compactification of the n-dimensional torus (k∗)n inside Pn,
(7) as a compactification of An.

2.1. Projective space: summary. Here, given a (n + 1)-dimensional k-vector space V ,
define P(V ) as the set parametrizing 1-dimensional subspaces of the k-vector space V . We
will observe that P(V ) = (V \ {0})/Gm, where Gm is the multiplicative group of invertible
elements of the field k. Then, we will given an atlas for P(V ) and show how different
coordinate charts are glued together.

2.2. Projective space as a set. Define P(V ) as the set

{ 1-dimensional vector subspaces of V }.

Any nonzero vector v ∈ V spans a 1-dimensional vector subspace, which we denote by [v].
Then, [v] = [v′] if and only if the nonzero vectors v and v′ are linearly dependent if and only
if there exists λ ∈ k, so that λ 6= 0 and v′ = λv.

2.3. Quotient by an equivalence relation. On the set V − {0}, define an equivalence
relation

v′ ∼ v ⇔ v′ = λv for λ ∈ k∗ ⇔ [v] = [v′].

Then, P(V ) = (V − {0})/ ∼.
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Denoting an element v of V in coordinates as (x0, . . . , xn), whenever v 6= 0, the corre-
sponding point in P(V ) is denoted by the homogeneous coordinates (x0 : · · · : xn). This
notation is adopted because

(x0 : · · · : xn) = (x′0 : · · · : x′n)

if and only if the ratios xi : xj = x′i : x′j for all i, j = 0, . . . , n, which is a different way of
saying that

rank
[
x0 · · · xn
x′0 · · · x′n

]
≤ 1.

Notice that not all homogeneous coordinates xi vanish simultaneously.

2.4. Quotient by Gm-action. The equivalence relation given above is a very special one.
It is induced by a group action: The multiplicative group Gm acts on V − {0}. This action
has no fixed points. An action of a group G on a set M is said to have no fixed points, if for
any p ∈M and g ∈ G so that g · p = p, then g is the identity element of the group G.

Group action in coordinates can be expressed as

λ · (x0, . . . , xn) := (λx0, . . . , λxn)

for λ ∈ Gm.

2.5. Homogeneous Coordinates. Altough the value of a homogeneous coordinate xi is
not well-defined, the vanishing (equivalently, non-vanishing) of xi is well-defined.

A polynomial f(x0, . . . , xn) is called homogeneous if for some nonnegative integer d and
for all λ ∈ Gm,

f(λ · (x0, . . . , xn)) = f(λx0, . . . , λxn) = λdf(x0, . . . , xn).

The nonnegative integer d is the degree of the polynomial f . Notice that each homogeneous
coordinate xi is a linear homogeneous polynomail, i.e. a homogeneous polynomial of degree
1.

Much like a homogeneous coordinate, the value of a homogeneous polynomial f is not well-
defined, however the vanishing (equivalently, non-vanishing) of f is well-defined. If another
homogeneous polynomial of degree d is given, say g, then observe that the ratio f : g is
independent of λ, hence well-defined.

2.6. Why is P(V ) compact if k = C? Let S(V ) be the unit sphere in V with respect to
〈 , 〉, defined by

S(V ) := {v : ||v|| = 1}.
Show that S(V ) → P(V ) is surjective. Indeed, P(V ) is the quotient of S(V ) under the
S1-action. The sphere S(V ) is a smooth compact manifold. Hence, any continuous image of
S(V ) is compact, proving that Pn

C is compact.

2.7. GAGA. Homolomorphic objects on the complex projective space Pn are indeed alge-
braic.
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2.8. Glueing P(V ) from affine spaces An. In math, many complex objects are built from
much simpler ones. Natural numbers are built out of prime numbers, smooth n-manifolds
are built out of balls in Rn, etc.

To build a smooth n-manifold, one must glue together different copies of n-dimensional
balls in Rn.

In algebraic geometry, schemes are the objects of study. They are built out of what is
called affine schemes. A smooth n-manifold is built out of n-dimensional balls, which are all
alike, i.e. isomorphic to each other. In other words, there is no variety in the local structure
of smooth n-manifolds. The same goes for complex manifolds. However, the picture is quite
different in algebraic geometry. Schemes are built out of affine schemes, but there is a great
variety in terms of these local pieces. Even for a smooth scheme, it is hard to find to a pair
of affine neighborhoods which are isomorphic.

The projective space Pn has a very easy description in terms of glueing affine schemes,
actually affine spaces An, together.

2.9. Local charts. Projective space Pn is covered by open subsets Ui which are defined by
xi 6= 0 for i = 0, . . . , n. Each Ui is isomorphic to An.

The Proj construction for a given graded ring A follows this footprints of the argument
above.

2.10. As a Homogeneous Space. I. Let G be GL(n+ 1, k) or SL(n+ 1, k) acting on the
vector space kn+1 on the left. One can see that this action has two orbits: the origin 0 and
the rest, kn+1 \ {0}. Pick a vector v ∈ kn+1 \ {0} and calculate the stabilizer subgroup of v
in G. A typical choice for v is

v =


1
...
0
0

 .

Because G acts on kn+1\{0} and the map sending g 7→ gv is surjective, G acts on Pn and the
map g 7→ g[v] = [gv] is surjective. Observe that the stabilizers of v and the corresponding
line [v] in G coincide.

2.10.1. When k = C. In this case, one can repeat the above section for G = U(n + 1) or
SU(n + 1). Once again, this proves that Pn

C is a compact topological space in the classical
topology.

Exercise 2.11. The classical construction of projective space of dimension n can be inter-
preted as compactifying An using lines in An. The idea behind the compactification is to add
an ideal point to An for each line in An. For parallel lines, the same ideal point is chosen.
A line in An is completed in this new space by adding the corresponding ideal point. This
ensures the parallel lines in An intersect at a unique point.

Show that An union the set of ideal points is Pn as sets. At this point, the above description
is not rigorous enough. First, you shoud take the idea outlined in the previous paragraph and
turn it into a mathematically rigorous idea. Start by defining ideal points accurately.
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2.12. Basic Representation Theory. Multiplicative group Gm acts on the polynomial
ring k[x0, . . . , xn] by

λ · f(x0, . . . , xn) = f(λ · (x0, . . . , xn)) = f(λx0, . . . , λxn). (2)

Under the Gm-action, the k-vector space k[x0, . . . , xn] splits into a sum of eigenspaces, cor-
responding to eigenvalues χ, where χ(λ) = λd for non-negative integer d. The eigenspace
corresponding to a given non-negative integer d is the set of homogeneous degree d polyno-
mials, it is a finite dimensional k-vector space and denoted by k[x0, . . . , xn]d. In short,

k[x0, . . . , xn] =
⊕
d∈N

k[x0, . . . , xn]d (3)

is the eigenspace decomposition of k[x0, . . . , xn] with respect to the Gm-action.
A homomorphism χ : G → Gm is called a character of the group G. The characters of

the multiplicative group Gm is of the form χ(λ) = λd for some integer d, called the weight
of the character χ. Indeed, these are all the irreducible representations of Gm.

In the above decomposition, half of the all the characters of Gm are visible. To see the
rest of characters, look at the action of the group Gm on the ring of Laurent polynomials
k[x0, . . . , xn, x

−1
0 , . . . , x−1

n ] which decomposes into a direct sum of eigenspaces under this
action,

k[x0, . . . , xn, x
−1
0 , . . . , x−1

n ] =
⊕
d∈Z

k[x0, . . . , xn, x
−1
0 , . . . , x−1

n ]d. (4)

2.13. Graded Rings. The above decomposition for k[x0, . . . , xn] shows that the polynomial
ring k[x0, . . . , xn] is a graded k-algebra which is graded with respect to the usual degree. A
ring A is called a graded ring if it decomposes into a direct sum of additive subgroups Ad,

A =
⊕
d∈N

Ad (5)

so that Ad · Ad′ ⊆ Ad+d′ for d, d′ ∈ N. Elements of Ad are called homogeneous of degree d.
This extra structure on the ring A is called a grading.

An ideal I in A is called homogeneous if for all a ∈ I, any homogeneous part of a is in I.
An A-module M is called graded if it decomposes into a direct sum

M =
⊕
d∈N

Md (6)

so that Ad ·Md′ ⊆Md+d′ for d, d′ ∈ N.
A grading on a k-algebra A is equivalent to a Gm-action the k-algebra A.
Given a graded ring A, one can construct a scheme corresponding to A denoted ProjA.

2.14. Gm-bundle. When a Lie group G acts on a smooth manifold M without any fixed
points, then the quotient M/G can be made into a manifold and the map M → M/G is a
smooth map. This map also has the structure of a G-bundle. The important point is that
this map is locally trivial. The story is the analogous for a complex Lie group G acting on
a complex manifold M .

The group Gm acts on the variety A(V ) − {0} with no fixed points and the quotient is
P(V ). In fact, in this case, we can show that π : A(V )− {0} → P(V ) is a Gm-bundle:
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2.15. Line bundles. All line bundles on P(V ) are obtained from this Gm bundle and
using representations (actually, characters) of Gm in this case. Whenever we have a G-
bundle EG and a representation ρ of the group G, we can form the induced bundle. The
representations (characters) of Gm are enumerated by integers Z. For a given integer d ∈ ZZ,
the corresponding character is

χd(λ) := λd.

2.16. Projective space as a moduli space. Given a vector space V and a positive integer
d ≤ dimV , one can similarly define a set Grass(d, V ), called the Grassmannian of d-planes
in V ,

Grass(d, V ) := { d-dimensional vector subspaces of V }.
More generally, given a sequence of positive integer 0 < d1 < · · · < dm ≤ dimV , one

can define a set Flag(d1, . . . , dm;V ) parametrizing sequences of subspaces Vi of V so that
Vi−1 ⊂ Vi, where V0 := {0} and dimVi = di. Such a sequence is called a flag.

Grassmannians Grass(d, V ) and the flag manifolds Flag(d1, . . . , dm;V ) are examples of
moduli spaces. Following the example of projective spaces, one can show that Grassmannian
Grass(d, V ) is a smooth projective variety (projective manifold in the classical topology)
whose points parametrize d-dimensional vector subspaces of V .

2.17. Discussion. Basic objects of algebraic geometry are schemes. A scheme is obtained
via glueing affine schemes, the building blocks of scheme theory, in much as the same fashion
as a smooth manifold is obtained via glueing balls in Rn. Glueing process is the same,
what is different is the glued pieces. For a fixed n, all balss in Rn are isomorphic, whereas
subschemes of An are hardly the same.

The primary objective of algebraic geometry is to study schemes, or more sophististicated
objects, algebraic spaces, stacks etc. The local models in algebraic geometry are provided
by affine schemes, geometric form of the unital commutative rings. The local models for
manifolds are balls in Rn, then a manifold is formed by glueing various balls, i.e. the local
models of manifolds, together. In algebraic geometry, a scheme is formed by glueing together
various affine schemes. The difference between smooth manifolds and algebraic schemes is
that in the case of smooth manifolds, the local models of a fixed dimension, i.e. balls of
dimension n, are isomorphic, whereas in the case algebraic geometry, the local models are
rarely isomorphic to each other.

Although they show great variety in themselves and are very interesting to study on their
own rights, as a mental guide, one can think of affine schemes as the local models of algebraic
geometry.

Projective schemes over field k1

A projective scheme over k is a scheme which is isomorphic to a closed subscheme of some
projective space Pn.

Basic objects of algebraic geometry are schemes. There are two important classes of
schemes, called affine schemes and projective schemes. An affine scheme is a scheme which
is isomorphic to a closed subscheme of some affine space An. Similarly, a projective scheme
is a scheme which isomorphic to a closed subscheme of some projective space Pn. A scheme
is not necessarily affine or projective.

1During the lectures, we will fix an algebraically closed field k and always work on this field k.
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Affine schemes are the building blocks of scheme theory. They are the local pieces which are
glued together to make other schemes. On the other hand, projective schemes are compact
(’proper’ in the algebraic geometry language) and have very important finiteness properties.

2.18. Exercises.

2.18.1. In the following, let k be an arbitrary field, G = GL(n+ 1, k).

(1) Find a nonconstant map from A : G→ Pn
k .

(2) G acts the k-vector space kn+1 and on itself via the left multiplication. The action
on kn+1 induces an act ion on Pn

k . Find an equivariant map B : G → Pn
k which is

G-equivariant, i.e. B(gh) = gB(h) for all g, h ∈ GL(n+ 1, k).
(3) Let T be set of diagonal matrices inside G. As G acts on Pn

k , T acts on kn+1 and
Pn
k . Find the fixed points of T inside Pn

k .
(4) Calculate the fiber of B over each fixed point of T .
(5) Calculate the differential of the map B : G → Pn

k . What can you say about the
differential map?

2.18.2. Let k be the field of complex numbers C and G be the group of unitary matrices
U(n+ 1). Solve the exercise above under these assumptions.

3. Rational Maps and Morphisms

If instead of a single homogeneous polynomial f of degree d, two homogeneous polynomials
f0 and f1 of degree d are given, then the ratio f0 : f1 is well-defined. If f0 and f1 are never
zero at the same time, they determine an element of P1. Equivalently, we say f = [f0 : f1]
is a morphism to P1.

If more homogeneous polynomials f0, . . . , fm of degree d are given, the ration f0 : · · · : fm
is well-defined. When at least one of these polynomials is nonzero, the corresponding ratio
determines a point in the projective space Pm. In general, we write f := [f0 : · · · : fm] :
Pn → Pm with a dashed arrow and call it a rational map because it is not defined at those
points where all fi vanish. Such points are called points of indeterminacy for the rational
map f . To resolve such indeterminacies, one employs the blow-up procedure.

When a rational map is defined everywhere, it is called a morphism.

4. Exercises

Exercise 4.1. Write a nonconstant morphism P1 → P2.

Exercise 4.2. Let k be an algebraically closed field. Prove Hilbet Nullstellensatz for closed
subsets of Pn

k using the projection An+1
k \ {0} → Pn

k .

5. Projective Spaces

6. Weighted Projective Spaces

A close cousin of projective spaces are weighted projective spaces. In the case of projective
spaces, the group Gm acts on the vector space V by homothethy λ · v = λv. We see that
no matter which base we choose it acts on the basis vectors with weight 1. To construct
weighted projective spaces, we alter this construction by first fixing a basis for the vector
space V and then fixing a set of weights a0, . . . , an corresponding to the basis vectors. The
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resulting quotient space, typically not smooth anymore, is an algebraic variety and is called
a weighted projective space and denoted by WP(a0, . . . , an). With loss of generality, one can
permute the basis vectors so that the weights are in non-decreasing order a0 ≤ · · · ≤ an.

One can see why weighted projective spaces are not smooth varieties. For example, take
P(1, 1, 2). On U2, action of −1 ∈ Gm fixes the point (0, 0) ∈ A2. Hence, this action is no
longer a fixed point free action. Indeed, if you compute the quotient under Gm-action, you
will see that it is a quadric cone isomorphic to xz = y2.

7. Projective Bundles

8. Appendix

In this appendix, we review some basic notions of geometry, such as manifolds, bundles,
group actions and related other concepts.

The definition of most geometric objects follow a pattern of constructing more complicated
objects from simpler ones, called the local models via gleuing. The term glueing refers to
how various simple objects will be identified on the overlaps. Manifolds and bundles are
constructed (defined) in this way.

8.1. Manifolds. 2 A topological manifold X is a second countable Hausdorff space which
is locally homeomorphic to Euclidean space, by a collection (called an atlas) of homeomor-
phisms called charts. The composition of one chart with the inverse of another chart is a
function called a transition map, and defines a homeomorphism of an open subset of Eu-
clidean space onto another open subset of Euclidean space.

There are a number of different types of differentiable manifolds, depending on the precise
differentiability requirements on the transition functions. Some common examples include
the following.

• A differentiable manifold is a topological manifold equipped with an atlas whose
transition maps are all differentiable. More generally a Ck-manifold is a topological
manifold with an atlas whose transition maps are all k-times continuously differen-
tiable.
• A smooth manifold or C∞-manifold is a differentiable manifold for which all the

transitions maps are smooth. That is derivatives of all orders exist; so it is a Ck-
manifold for all k.
• An analytic manifold, or Cω-manifold is a smooth manifold with the additional con-

dition that each transition map is analytic: the Taylor expansion is absolutely con-
vergent on some open ball.
• A complex manifold is a topological space modeled on a Euclidean space over the

complex field and for which all the transition maps are holomorphic.

These definitions, however, leave out an important feature. They each still involve a
preferred choice of atlas. Given a differentiable manifold (in any of the above senses), there
is a notion of when two atlases are equivalent. Then, strictly speaking, a differentiable
manifold is an equivalence class of such atlases. (See below.)

2Definitions concerning manifolds are taken verbatim from Wikipedia.
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8.1.1. Atlases. An atlas on a topological space X is a collection of pairs {(Uα, φα)} called
charts, where the Uα are open sets which cover X, and for each index α,

φα : Uα → Rn

is a homeomorphism of U onto an open subset of n-dimensional Euclidean space. The
transition maps of the atlas are the functions

φαβ = φα ◦ φ−1
β |φβ(Uα∩Uβ) : φβ(Uα ∩ Uβ)→ φα(Uα ∩ Uβ).

Every topological manifold has an atlas. A Ck-atlas is an atlas for which all transition maps
are Ck. A topological manifold has a C0-atlas and generally a Ck-manifold has a Ck-atlas.
A continuous atlas is a C0-atlas, a smooth atlas is a C∞-atlas and an analytic atlas is a Cω-
atlas. If the atlas is at least C1, it is also called a differentiable structure. An holomorphic
atlas is an atlas whose underlying Euclidean space is defined on the complex field and whose
transition maps are biholomorphic.

8.1.2. Compatible atlases. Different atlases can give rise to essentially the same manifold.
The circle can be mapped by two coordinate charts, but if the domains of these charts are
changed slightly a different atlas for the same manifold is obtained. These different atlases
can be combined into a bigger atlas. It can happen that the transition maps of such a
combined atlas are not as smooth as those of the constituent atlases. If Ck-atlases can be
combined to form a Ck-atlas, then they are called compatible. Compatibility of atlases is an
equivalence relation; by combining all the atlases in an equivalence class, a maximal atlas
can be constructed. Each Ck-atlas belongs to a unique maximal Ck-atlas.

Exercise 8.2. Show that the sphere Sn is a compact manifold.

8.3. Lie Groups. A Lie group is a group which is also a differentiable manifold, with
the property that the group operations are compatible with the smooth structure: The
multiplication map m and the inverse map i

m : G×G→ G and i : G→ G

are differentiable.
A complex Lie group is a group which is also a complex manifold and the groups operations

are holomorphic. Similarly, one can define an affine algebraic group to be affine scheme
Spec(A) together with m and i defined algebraically in terms of the commutative ring A.

8.3.1. Examples. Finite groups, more generally discrete groups, are Lie groups with respect
to discrete topology. For a given complex vector space V of dimension n and a sesquilienar
form 〈 , 〉, the groups U(V ) and SU(V ) are compact real Lie groups of dimension n2 and
n(n − 1) respectively. The groups GL(V ) and SL(V ) are examples of complex Lie groups.
For arbitrary k, GL(V ) and SL(V ) are examples of affine algebraic groups. Note that
Gm = GL(k1) and U(1) := U(C1) ∼= S1.

Let F be a differentiable manifold. Then, Diff(F ), the group of diffeomorphisms of F ,
is a Lie group, of possibly infinite dimension.

A Lie group homomorphism f : G→ G′ is both a differentiable map and homomorphism of
Lie groups G, preserving both the differentiable manifold structure and the group structure
in a compatible fashion.

Exercise 8.4. Show that U(n+ 1) and SU(n+ 1) are compact Lie groups.
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8.5. Group Actions. A group G is said to act on a set X (on the left), if there exists a
map

G×X → X

denoted

(g, x) 7→ g · x
which obeys the following two axioms:

(1) (gh) · x = g · (h · x) for all g, h ∈ G and xinX
(2) e · x = x for every x ∈ X (where e denotes the identity element of G).

In this case, X is said to have a (left) G-action and is called a G-set or a G-space. A right
group action is defined analogously.

If G is a Lie group, X a manifold and the action G×X → X is a differentiable map, then
such an action is called a Lie group action.

The orbit of an element x ∈ G is the set

G · x := {g · x : g ∈ G},

the trajectory of the point x inside X under the action of the group G. Belonging to the
same orbit defines an equivalence relation. The resulting quotient space is denoted by X/G
is called the orbit space of the G-space X.

The stabilizer subgroup of x in G is the subgroup of elements which fix x,

Gx := {g ∈ G : g · x = x}.

A group action is called free if for all x ∈ X, g · x = x implies g = e, i.e. if all stabilizer
Gx are trivial.

8.5.1. Examples. Any group G acts on itself by left multiplication. The conjugation action
of G on G is given by

G×G → G
(g, h) 7→ ghg−1.

The group Gm acts on the vector space V by scaling the vectors v by (λ, v) 7→ λv.
Similarly, SL(V ) ⊂ GL(V ) act on V on the left, or SU(V ) ⊂ U(V ) act on V on the left.
These are examples to Lie group actions in the appropriate category.

8.6. Representations. If a group G acts on a vector space V , such an action induces a
homomorphism ρ : G → GL(V ). Such a homomorphism is called a representation of G.
Any such homomorphism corresponds to an action of G on V on the left. Therefore, actions
of groups of on vector spaces and representations are equivalent to each other and the term
representation will be used to refer to both.

If the action is a Lie group action, then the homomorphism is a Lie group homomorphism
and vice versa.

The action of G on V induces an action of G on the dual vector space V ∨: For all g ∈ G
and f ∈ V ∨, set

(g · f)(v) := f(g−1 · v) for all v ∈ V.
This is called the contragradient representation. Coupled with the action of G on V , one
can produce the action of G on all the tensors of the vector space V , such SymV ∨.
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8.7. Fiber Bundles. Let G be a (possibly infinite dimensional) Lie group. Assume that
G acts diffrentiably on a manifold F on the left. The quadruple (E,B, π, F ) is called a
differentiable fiber bundle with structure group G if π : E → B a surjective differentiable
map which is locally trivial. That is, for a given point x ∈ B, there exists a open neighborhood
U and a differentiable isomorphism

φ : π−1(U)→ U × F
so that (DIAGRAM).

Such a neighborhood U is called a trivializing neighborhood. The space E is called the total
space, B the base space, F the fiber and π the (bundle) projection of the bundle π : E → B.
The set {(Uα, φα)} is called a local trivialization of the bundle π : E → B.

A G-atlas for the bundle (E,B, π) is a local trivialization such that for any two overlapping
charts (Uα, φα) and (Uβ, φβ) the function

φα ◦ φ−1
β : (Uα ∩ Uβ)× F → (Uα ∩ Uβ)× F

is given by

φα ◦ φ−1
β (x, ξ) = (x, tαβ(x)ξ)

where tαβ : Uα ∩ Uβ → G is a differentiable map called a transition function.
Transition functions satisfy the following identities whenever the appropriate intersection

are non-empty:

(1) tαα(x) = 1,
(2) tαβ(x)tβα(x) = 1,
(3) tαβ(x)tβγ(x) = tαγ(x).

The last identity is called the cocycle condition.
A differentiable map σ : U → EU is called a section over an open set U in B if π◦σ(x) = x

for all x ∈ U . Given a local trivialization {(Uα, φα)} of the bundle π : E → B, then a global
section σ (i.e. a section over B) corresponds to a set of differentiable maps sα : Uα → G so
that

sα = tαβsβ
whenever Uα ∩ Uβ 6= ∅.

8.7.1. Principal Bundles. If F = G equipped with left G-action, then such a fiber bundle is
called a principal G-bundle. A principal G-bundle is equipped with a right G-action.

Exercise 8.8. Let M be a smooth manifold and G a Lie group. Assume that G acts on
M without fixed points. Show that one can put a topology on the orbit space M/G so that
the projection map π : M → M/G. In this topology, M/G becomes a smooth manifold and
π : M → M/G a differentiable map. The quotient map π : M → M/G is a differentiable
principal G-bundle.

Given a principal G-bundle π : E → B and an Lie group action of G on a manifold F , one
can construct a fiber bundle with structure group G denoted by E ×G F . The fiber bundle
E ×G F is the quotient of Cartesian product E × F under the left group action under G:

g · (e, f) := (e · g−1, g · f)

for all (e, f) ∈ E ×G and g ∈ G.
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8.8.1. Vector Bundles. If F is a real vector space V and G = GL(V ), then the fiber bundle
π : E → B is called a vector bundle. The set of global sections of the vector bundle is a real
vector space and denoted by Γ(B,E ×G V ).
Note. All these notions are valid in both complex (holomorphic) category and algebraic
category.

8.9. Invariants. If a (finite) group G acts on a manifold without fixed points, then the
resulting orbit space M/G is a manifold (of the same dimension). What happens if G has
a fixed point? Let G be the smallest non-trivial group, e.g. ∼= Z/2Z. Then, G acts on A2

(equivalently, on k[x1, x2]) by λ · (x1, x2) = (λx1, λx2) for λ ∈ {±1}. Can you make sense of
the quotient in this case? What is the resulting invariant ring?

Suppose the group G acts on a commutative unital ring A, let

AG := {f : g · f = f for all g ∈ G}
be the ring of invariants.

8.10. Topology. Let X be any set and let T be a family of subsets of X. Then T is a
topology on X if

(1) Both the empty set and X are elements of T .
(2) Any union of arbitrarily many elements of T is an element of T .
(3) Any intersection of finitely many elements of T is an element of T .

If T is a topology on X, then X together with T is called a topological space.
All sets in T are called open; note that in general not all subsets of X need be in T . A

subset of X is said to be closed if its complement is in T (i.e., it is open). A subset of X
may be open, closed, both, or neither.

In order to describe a topology of given set X, it suffices to give a basis of the topology.
A basis B for a topological space X with topology T is a collection of open sets in T such

that every open set in T can be written as a union of elements of B. We say that the base
generates the topology T .

The basis B satisfies the following properties.

(1) The elements of the basis B cover X.
(2) Let B1, B2 be elements of the basis B and let I be their intersection. Then for each

x in I, there is another element of basis B3 containing x and contained in I.

Conversely, any collection of sets B satisfying the above properties, there is unique topol-
ogy on X for which B is a basis of the topology.

8.11. Zariski Topology. Zariski topology on the projective space Pn
k is by defining a basis.

Elements of the basis will be called basic open sets. Let X = Pn
k and A = k[x0, . . . , xn]. For

any homogeneous element f ∈ A, define the basic open set D(f) as follows:

D(f) := {(x0, . . . , xn) : f(x0, . . . , xn) 6= 0}.


