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1. INTRODUCTION

1.1. Main Goal. This course is designed to achieve several different goals. The main goal is to
provide a good number of computations from a wide range of examples. So, we first construct our
sample space of geometric examples. For this, we have to have the basic skills such as

• How to construct more complex geometric objects via gluing?
• How to produce coordinates on a given geometric object?
• How to relate different geometric objects, e.g. how to find maps between geometric objects?

1.2. A Bit of Philosophy. Most mathematical objects are built from simpler objects of the same
category. The simpler objects play the role of building blocks in constructing more complex objects:
Integers are built out of prime numbers, like all matter is built out of atoms. We tend to perceive
the universe through this prism of more complex entities being built out of some simpler entities
by some rules of composition. To follow this program, it is crucial to understand

• What are the building blocks?
• How are they attached together?
• How can they be detached?

One can ask additional questions such as
• What do we mean by a simple piece?
• How do we measure simplicity?

1.3. A Bit of Geometry. In the realm of geometry, manifolds **form a formidable set of examples.
Most other geometrical objects derive from them. Therefore it is important to understand how
manifolds operate before reviewing our notion of a geometric space.

Manifolds are built out of coordinate patches via glueing. To construct/deconstruct manifolds
(or other similar geometric objects such as bundles, schemes), the three main pieces to understand
are

• The nature of local pieces which will be glued together. In the case of manifolds, they will
be called coordinate patches, or patches. In the case of vector bundles, they will be called local
frames, or frames. More generally, we will call the local pieces as local models.
• The construction/**glueing process: To construct a larger manifold out of two manifolds,

we identify two manifolds along two smaller open subsets of theirs via an isomorphism
along the two smaller subsets. This is called glueing. The map used in the glueing process
is called a transition function.

If we glue more than two manifolds, there arises questions of consistency. The consis-
tency of the transition functions with each other is formulated as the cocycle condition.
• The deconstruction/**unglueing process: We may be given a manifold as a whole, for in-

stance as the zero locus of some functions inside some larger manifold. Then, given these
functions on the larger manifold, we would like to know how we can divide the zero locus
into pieces (i.e. coordinate patches) and what the transition functions between patches are
(i.e. how we can sew it up back together).
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1.4. Undercurrents. One of the subthemes of this course is to convey a sense of scheme theory
without actually saying much about the schemes.

Schemes form the basis for more complex algebraic geometric objects, such as stacks, or the the-
oretical basis for other kinds of geometry, such as Noncommutative Geometry. We need to develop
a new kind of intuition to understand the geometry of rings, algebras and modules. Schemes may
behave quite badly. Typically, a geometer works with spaces which are smooth, or at least smooth
most of the time. In algebraic geometry, you may have to deal with spaces which are not smooth
at all.

By this emphasis of algebra, a part of our usual geometric intuition is lost. However, we gain
in other departments. The rigidness of algebra enables us to have a control over the part where
our intuition is lost. This course intends to develop an intuition for scheme theoretical algebraic
geometry in a gradual way by facilitating a comparative approach.

1.5. The Rise of The Schemes. Here is a short list of one dimensional schemes which features
some differences of schemes from manifolds. This is a list of examples which you should remem-
ber after this course even if you do not get the schemes so much.

(1) Reduced:
• y = x,
• y = x2,
• y2 = x2,
• y2 = x3,

(2) Nonreduced:
• (y− x)2 = 0,

(1’) Reducible and reduced,
• line x = 0 and a point (1, 0) outside the line,

(2’) Reducible and nonreduced (Embedded point),
• line x = 0with an embedded point (0, 0).

In the examples (1) and (1’), if you construct the ring R of algebraic functions on the correspond-
ing set, then you can reconstruct the original set from the ring R. However, in the examples (2) and
(2’), this is not possible. If you follow this process, for (y − x)2 = 0, you will get y − x = 0, and
for the line y = x together with the point (0, 0) doubled, you will **only get y = x. So we **begin
to see the first glimpses(**clues) why we should go more algebraic. It actually goes further: We
indeed need to use algebra, the ideals of C[x, y] to define example (2’).

Algebra-Geometry Correspondence between C[x, y] and C2

Algebra ⇐⇒ Geometry

C[x, y] C2

(Equations/Ideals) (Sets of points)
f 7→ V(f) := {(x, y) | f(x, y) = 0}

I 7→ V(I) := {(x, y) | f(x, y) = 0 for all f ∈ I}
. Reverse .

I(V) := {f | f(x, y) = 0 for all (x, y) ∈ V} ← V

Starting from a set V ⊂ C2, by the ring R of algebraic functions on V , we mean the quotient ring
C[x, y]/I(V). Given a quotient ring C[x, y]/I, its sets of (geometric) points is V(I).

We see that in the Algebra-Geometry correspondence given above the map from the algebra side
to the geometry side is forgetful.

In the examples (1) and (1’), one can go back and forth between the two sides without loss of
data. In the examples (2) and (2’), there is loss and the process is irreversible.
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Can’t we simply put all these aside, avoid all these bad examples (2) and (2’)? We simply cannot
do this because the phenomenon which occurs here occurs naturally throughout algebraic geom-
etry.

Here are two examples which demonstrate how naturally this phenomenon occurs:

(1) Scheme-theoretic fibers,
(2) Hilbert scheme of 2-points in A2.

The first example involves calculating fibers, a standard operation throughout all forms of geom-
etry. The second example is a very standard example of moduli spaces, called the Hilbert Schemes
which provide the basic model for moduli problems.

1.5.1. Scheme-theoretic fibers. In any form of geometry, once there are maps between different geo-
metric objects, it is important to know the inverse image of what a single point is, i.e. the fiber
above this point. In other words, calculating the fibers is a standard operation in geometry.

When a parabola y2 = x covers the x-axis in a 2 : 1 manner, it seems that there is a single point
above the origin and 2 points for all other points with x 6= 0. How do we explain this loss of
points? If you come over your fear of nilpotents, the answer becomes very easy.

y2 = x↓ ...

x ...

Looking at the diagram once again, we see that the number of points above x 6= 0 is 2. At x = 0,
the number of points drops to 1.

Instead let’s do some algebra: Plugging x = a with a 6= 0 in k[x, y]/(y2 − x) gives k[x, y]/(x −
a, y2 − x) ∼= k[y]/(y2 − a), which account for the two points (a,

√
a) and (a,−

√
a) in the fiber.

The dimension of k[y]/(y2 − a) is 2 for all a ∈ k, whether a equals 0 or not.
If a = 0, we get k[x, y]/(x, y2) ∼= k[y]/(y2). This can indeed be thought of a point (x, y) with a

vector in the vertical direction (since the line x = 0 is cut off with y2).

1.5.2. Hilbert scheme of 2-points in A2. Hilbert scheme of n-points in A2
C is the moduli space of

ideals I in C[x, y] with dimC C[x, y]/I = n. This space is indeed a smooth scheme of dimension of
2n.

Here, we will take a limit inside this space when n = 2.
For nonzero λ ∈ k, set

Iλ := (x, y) ∩ (x− λ, y).

Then,

V(Iλ) = {(0, 0), (λ, 0)}.

Notice that C[x, y]/Iλ is 2-dimensional.
The question is

What is the limit limλ→0 Iλ?
This is an example of what is called a flat limit in algebraic geometry.
The answer is not I0 which is the ideal (x, y). The quotient C[x, y]/I0 is 1-dimensional.
Rewrite the generators of Iλ as follows:
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Iλ = (x, y) ∩ (x− λ, y)

= (x, y) · (x− λ, y)

= (x(x− λ), xy, (x− λ)y, y2)

= (x2 − λx, xy, λy, y2)

= (x2 − λx, y).

That is,
Iλ = (x2 − λx, y).

The limit as λ→ 0 becomes clear:
lim
λ→0 Iλ = (x2, y).

1.6. The Rise of The Modules. Differential geometry of vector bundles is a beautiful subject, but
it precludes you from the simple example below.

Let Cu be a copy with the complex numbers with coordinate u. Then, we will write Cu ×C for
the rank 1 complex trivial bundle on Cu. Consider the following simple map

Cu ×C → Cu ×C
(u, λ) 7→ (u, uλ).

(1)

On the fiber above u, this map is multiplication by u : C→ C at u = a. Consequently, whenever
u 6= 0, the map is of rank 1, it is an isomorphism. When u = 0, the map is the zero map.

In differential geometry of vector bundles, the rank of a vector bundle map is not allowed to
jump from fiber to fiber. It is required to be constant. There is a very logical reason for this.
Otherwise, the kernel and the cokernel are possibly not vector bundles.

On the other hand, here we have a very simple map, multiplication by u, on a very simple vector
bundle, rank 1 complex vector bundle.

Previous paragraph already points out that we cannot deal with this kind of map in the universe
of vector bundles. What we need to do is to enlarge our universe to include, say coherent sheaves.
But coherent sheaf is a too fancy for our tastes in this course. What will happen is that we will
switch from vector spaces to modules.

The module which corresponds to the trivial vector bundle Cu ×C is C[u].
The map u : C → C on the fiber above u = a corresponds to the module homomorphism

multiplication by the indeterminate u, u : C[u] → C[u]. One can check that this is indeed an
injective C[u]-module homomorphism. Plugging u = a gives exactly the same map on the fibers.

What have gained? For one thing, we are in one single consistent universe, the category of
C[u]-modules. The module homomorphism has no kernel, and the cokernel is C[u]/(u) is a C[u]-
module!

What we have done may look very trivial at the moment, but this is one of those examples you
should remember after this course is long gone.

2. PHILOSOPHICAL ISSUES

2.1. What is a geometric space? We think of a geometric space is formed by several different
entities:

• It **is set of points (geometric space as a set),
• A notion of proximity (a notion for two points being close to each other) given by

– a topology,
– a metric (making the space a metric space),
– a Riemannian metric (making the space a Riemannian manifold).
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• A possible set of local models and transition functions between these local models making
the space

– a CW-complex,
– a manifold:

∗ topological,
∗ piecewise-linear,
∗ smooth/differentiable,
∗ real-analytic,
∗ complex,

– a complex analytic space,
– a scheme.

• Plus other kinds of decorations on the space, such as
– A closed nondegenerate 2-form ω on a smooth manifold (making the manifold sym-

plectic).

2.1.1. A Very Brief History. For Euclidean geometry, the space is a plane or a 3-dimensional space
of ideal points. In fact, a point is not well-defined (in the modern sense). Lines are made out of
points and non-parallel lines in the plane intersect at a unique point.

The Cartesian geometry picks a point in the plane called the origin. We will say that the origin is
a distinguished point. After the selection of origin, one picks a coordinate axis, unit lengths on each
axis and decides the angle between the two axis.

In modern terms, Cartesian geometry is real 2–dimensional plane R2 with e1, e2 and positive
definite symmetric bilinear form 〈· , ·〉.

A line becomes an equation

ax+ by+ c = 0.

A conic section becomes

ax2 + bxy+ cy2 + dx+ ey+ f = 0.

Here we see the remnants of algebraic geometry. The plane is R2 and a line is ax + by + c = 0

(an equation).
Equation =⇒ Algebra.

Differential geometry relies on the idea that the geometry at a point on a manifold should be
understood through the tangent space of the point (linearization) which **is an idea goes back to
Taylor expansion of a single variable function f(x) at x = a for some a ∈ R:

f(x) = f(a) + f(1)(a)(x− a)︸ ︷︷ ︸
linear term

+
f(2)(a)

2
(x− a)2 +O((x− a)3).

Human beings seem to linearize all the time. Here, we see linearization as an idea. Many
times, it is what makes the calculations possible. If you plot your function with favorite graphing
software, it is very likely that the values of the function were calculated by linear approximation
using small intervals. We calculate the values of functions, solve partial differential equations
by linearizing. Actually, the higher degrees of the Taylor expansion are rarely used. The second
degree, sometimes called the Hessian, is used to tell how the graph of the function is curved. But
we don’t even have a name for the third degree. The effect of higher degree terms become very
miniscule as the degree goes higher. This is of course, why linearization works well both in theory
and in practice. Plus, a linear structure, a vector space, a tangent line or a Lie algebra is much more
manageable than a curve or a Lie group for instance.
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This is why so much emphasis is put on the tangent bundle. With its linear structure, in some
ways it is easier to handle than the manifold itself. This is also why one imposes certain conditions
on the tangent space (tangent manifold) or other related objects to arrive at different geometries:

• Riemannian geometry (Riemannian metric = Positive definite symmetric bilinear form),
• Lorentzian geometry (Definite symmetric bilinear form),
• Symplectic geometry (2-formω T ∗M,
• Contact geometry (1-form λ T ∗M).

Algebraic geometry is the geometry of spaces which are constructed from commutative rings,
algebras and modules.

2.2. What is a point? This may sound like a funny question, and the answer obvious from the
get-go, but the history of geometry profoundly rests on the answer of this question. Different
generations of mathematicians have developed a different answer to this question. See Pierre
Cartier’s “A Mad Day’s Work” for a lengthier and in-depth discussion of this matter.

Cartier’s answer to this question may be summarized as it depends on how you look at it. For
instance, if you are wearing homotopical glasses, then any contractible space is indeed a point. He
goes on to explain how one can define the equivariant (co)homology using this line of thinking.

Deciding the points of your space determines the space and the geometry that goes with it. In
Euclidean geometry, point is an undefined concept, it is assumed that everyone understands what
a point is. For instance, the intersection of two non-parallel lines is a point. In Cartesian/analytic
geometry, a point is a tuple of real numbers (x, y). We perceive a point to be a 0-dimensional object.

By the time, we have come to algebraic geometry of post-1960’s, to the era of Grothendieck’s
schemes, mathematical technology reached a new height: The points of a scheme X correspond
to the subvarieties of X. They are not quite different what we are used to: They are no longer
0-dimensional.

2.3. What is topology? Topology on a given space is a way of telling which points are close. As
you put more structure on your space in the form of a metric, or a Riemannian metric (once your
space is a differentiable manifold), you can tell the distance between two points for sure. In fact,
you can measure the length of any path, or the angle between two tangent vectors once you have
a Riemannian metric. If you have a notion of volume (compatible with the Riemannian metric if it
exists), you can tell if your space is positively-curved, flat, or negatively curved.

2.4. What are local models? The very first thing to understand in most of geometry is the mech-
anism how to glue pieces of manifolds, schemes, bundles together. Like most other mathematical
objects, more complicated geometric objects are constructed from simpler ones.

In geometry, the building process is usually the gluing of smaller pieces, i.e. identifying two
simpler pieces along two smaller pieces they contain. Each of these pieces is called a patch, the
resulting shape is your geometric object covered with patches.

A good analogy would be to think of the earth surface. To map the earth in an accurate manner,
we have to map the earth surface in small pieces (the patches). It is important to know how you
switch from one patch to the other patch. Otherwise, you cannot sew the pieces back together to
build a map of the earth. The way you go between to interlapping patches is called a transition
function. Once you have the patches and the transition functions, you could build a map of the
earth or rather a model of the earth in your living room.

Patches are chosen from a collection of local models. The collection of local models could be an
arbitrarily large set. The main requirement for local models is to possess a form of simplicity in
your notion of geometry. This simplicity could be

• contractibility,
• homological triviality,
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• existence of coordinate system with smooth transition functions (smooth manifold), or
• cohomological triviality of coherent sheaves (schemes).

More specifically, for an n-dimensional differentiable manifold, the local model is Rn. For an
n-dimensional complex manifold, it is Cn. The local models for schemes are a much larger set,
called the affine schemes.

Differentiable manifolds are built out of coordinate patches. A coordinate patch is an open subset
U together with an isomorphism (homeomorphism) φU : U→ Rn. For any other coordinate patch
(V,φV) with U∩V 6= ∅, the composition φV ◦φ−1

U is differentiable where it is defined. One can use
any other manifold which are isomorphic to Rn in differentiable category, for instance balls in Rn,
as local models for differentiable manifolds.

If the local model is Cn and the compositions φV ◦ φ−1
U are holomorphic wherever they are

defined, the resulting manifold is a complex manifold.
The space Rn comes equipped with a standard basis ei and a corresponding set of coordinate

functions xi for i = 1, . . . , n. Then, φ−1
U (xi) are called coordinate functions, or simply coordinates on

U. We usually drop the φ−1
U and write only xi for the coordinates on U.

2.5. What are coordinates? The classical geometry of **Euclides is mostly forgotten in the modern
high school curriculum. We grew up in a Cartesian world of coordinates. The coordinates feel
natural to us. Whenever we look at a physical map of a part of the earth, it already has coordinates
in the form of a grid of parallels and meridians. With the global positioning systems becoming
everyday devices, we always seem to know what our coordinates are. But it is always good to
keep mind that coordinates are beasts of choice. To have a coordinate system, one first needs a
preferred point called the origin. For instance, as we walk in the city or in the wild, we use other
reference points to keep track of where we are. But these reference points are chosen by us, then
you may count the city blocks or the number of steps you have taken, which provides a measure of
where you are with respect to the reference point you have chosen. The way you have measured
is also depends on you, it is your choice.

Euclidean geometry perceives the plane as an ideal plane, called the Euclidean plane. Euclidean
plane has no distinguished point like the origin of the Cartesian plane. To measure entities, one
has to choose a fixed entity to compare all other entities against this one entity, we have singled
out. A typical proof in the Elements starts by fixing a piece of line and using it as a measuring stick
for the rest of the argument. By choosing a unit length, one metrizes the plane. With the choice of
unit length, Euclidean plane becomes a metric space in the modern sense, but still it has neither
the origin, nor a coordinate system on it.

Cartesian geometry first singles out a point in the plane, the origin. Choosing an origin is not
enough to have coordinates. One needs further choices. Descartes chooses a pair of lines going
through the origin and marks a unit interval on each line starting from origin. This is how coor-
dinates are chosen. Deciding what the angle between the two coordinate lines fully metrizes the
plane.

It is important to understand that a geometric object, for instance a manifold, does not come
with given coordinates. It is us who choose coordinates on a given manifold. Although we think
the earth with meridians and parallels (a coordinate system), this is the work of our imagination.
The system with parallels and meridians start with two fundamental choices one of which is more
natural, the choice of the reference parallel, the equator, which is rather natural as earth revolves
around its axis, the equator stays invariant. The choice of the reference meridian, the meridian
zero going through Greenwich, UK, on the other hand, is a rather arbitrary choice.

The nonexistence of any preferred coordinate system facilitates itself in the idea that the physical
quantities should be independent of the coordinate system chosen. That is although in order to
calculate certain quantities we have to choose a coordinate system, for instance the acceleration
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of a falling rock, the result should be the same in every possible coordinate system. This kind of
invariance lends itself to the invariants of mathematical objects, such as characteristic classes for
vector bundles etc.

But, what is a coordinate system? Finding a coordinate system at a point on a given surface/a
manifold means finding enough number of functions near that point so that a neighborhood of
the point is embedded into some known space such Rn or Cn via the map obtained using these
numerous functions.

Typically, what happens is that our manifold is handed to us as a subset of a larger manifold
given by some equations. Unfortunately, these equations come in typically closed form, such as
the equation of the unit circle,

C : x2 + y2 = 1.

Obviously, x and y are given to us coordinates on the plane and the subset is prescribed by a single
equation. How can we find coordinates at the points say (1, 0), (0, 1), (− 1√

2
, 1√

2
)?

In this particular example, we can find a coordinate system on the circle by hand, solving the
equation. However, this is only possible, because this equation has a very special form. As a result,
we can express

x = ±
√
1− y2

for points on the circle with x 6= 0. (Of course, this relation is true for x = 0, but then y = ±1, and
then x is not a differentiable function of y at y = ±1.) Here, x is the dependent variable, and y is
the independent, it is the coordinate on the open right half of circle {(x, y) ∈ C|x > 0}, or on the
open left half of circle {(x, y) ∈ C|x < 0}.

The missing points are covered by the open top half {(x, y) ∈ C|y > 0} union open bottom
half {(x, y) ∈ C|y < 0}. Here, the dependent variable is y and the independent variable x (the
coordinate on these patches):

y = ±
√
1− x2.

Transition function from open top half to open right half is given by

dy

dx
=
d
√
1− x2

dx
=

−x√
1− x2

. (2)

2.6. What are some fundamental geometric properties?
• Dimension,
• Connectedness,
• Irreducibility,
• Reducedness,
• Compactness.

2.7. Why do we need compactness?
Either you pay here, or at infinity.

Jerry Kazdan
Our visual imagination is mainly bounded by the 3 dimensions which we observe around us.

Most of human thought is bounded by some form of finitess. Likewise in most of mathemat-
ics, we are usually forced to impose some kind of finiteness condition. Compactness is a typical
finiteness condition one can enforce in the category of topological spaces. Recall the definition of
compactness: A topological space X is called compact if any open cover of X has a finite sub-cover.

Many times the spaces which we need to deal with are noncompact spaces. In such circum-
stances, one can compactify the given space. For instance, there is always the one point com-
pactification. The one point compactification of the real line is the circle. The alternative to the
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compactification is to change the function space we deal with instead of the space. In this vein, we
could count switching from smooth functions on the real line to compactly-supported functions
on the real line (or, to rapidly decreasing functions on the real line). Both compactly-supported
functions and rapidly decreasing functions on the real line are subset of smooth functions on the
circle vanishing at infinity.

This is the essence of Jerry Kazdan’s quote. Either you pay here by changing the function space
in question, or you pay at infinity, simply by adding a point, or points at infinity.

The usual definition of compactness is negligible for Zariski topology on algebraic varieties, for
the primary reason that Zariski open sets are very large.

The notion of compactness which is used in algebraic geometry is projectivity. A variety (a
scheme) is called projective if there exists an embedding of this variety (scheme) into some pro-
jective space so that the image **of the mapping is a closed subvariety (subscheme). Any closed
subvariety (subscheme) of projective variety (scheme) is again projective.

This goes in line with the fact that closed subsets of compact spaces are compact.
Being projective is quite a strong condition. For instance, it implies that i-th cohomology of a

given coherent sheaf is finite dimensional (Oka, Serre).

2.8. What is a geometric question? Basically, a geometric question is a proposition concerning a
geometric relation between two geometric objects. A simple example is

“Does a generic smooth surface of a degree d in the projective 3-space P3 contain a line?”
The geometric objects are a line, a generic smooth surface of degree d. The geometric relation is

containment.
Such existence questions could be very hard to solve, because many times the existence of a

certain object can be posed as an existence question about a special kind of point in some moduli
space. For instance, asking whether a certain kind of smooth algebraic curve of genus g over
rational numbers exists is equivalent to asking whether the moduli space of curves of genus g has
a rational point of a certain kind.

2.9. What are some fundamental geometric operations? A map f : X → Y induces maps on
various related objects, such **as tangent vectors and 1-forms, and on homology and cohomology.
Pullback is usually denoted by f∗ and pushforward is usually denoted by f∗.

• Pullback:
– functions,
– 1-forms, more generally differential forms,
– sheaves,
– modules, more generally O-modules,
– cohomology,
– Borel-Moore homology,

• Pushforward:
– tangent vectors,
– sheaves,
– modules,
– homology,

• Incidence relations, pull-back then push-forward.

2.10. Intrinsic/extrinsic invariants/properties (e.g. Gaussian curvature, degree). One can attach
invariants

• to a single object X,
• or to a map f : X→ Y.
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Invariants attached in the first case are invariants of only of X. Whereas in the second case, the
invariants depend on X, Y and f (image of f and the fibers of f).

As a simple invariant, take dimension. The dimension of X equals the dimension of image of f
plus the dimension of fibers (or, rather generic fiber).

A more algebraic geometric invariant would perhaps be the degree of a projective subvariety. We
can think of the closed subvariety X ⊂ Pn as i : X → Pn, where i is the embedding map. The
degree of X in Pn is the number of intersection points of X and a generic plane of complimentary
dimension to X.

A projective line P1 can be embedded inside P2 as a line, or a conic curve, whose degrees are 1
and 2 respectively.

2.11. Invariants: Local/Global, Curvature/Euler Characteristic. The classical Gauss-Bonnet for-
mula and the Chern-Gauss-Bonnet theorem relate the invariant polynomials of curvature of the
tangent bundle TM of an even dimensional Riemannian manifold M to its topological Euler char-
acteristic χ(M).

Gauss-Bonnet theorems generalize even further in the form of Hirzebruch-Riemann-Roch The-
orem and the Atiyah-Singer Index Theorem, which incorporate other vector bundles on M other
than the tangent bundle TM.

2.11.1. Gauss-Bonnet Formula. LetM be a compact oriented smooth 2-manifold without boundary,
K its Gaussian curvature, dA the area element onM. Then,∫

M

K dA = 2πχ(M). (3)

The significance of this formula is that it relates a local invariant, the Gaussian curvature K to the
global invariant, topological Euler characteristic χ(M).

2.11.2. Chern-Gauss-Bonnet Theorem. Chern–Gauss–Bonnet theorem calculates the Euler character-
istic of a closed even-dimensional Riemannian manifold as an integral of the Pfaffian of its curva-
ture.

Let M be an even dimensional Riemannian manifold, Ω the curvature form of the Levi-Civita
connection. Then, Ω is anti-symmetric (0, 2)-tensor, or said differently, it is a so(2n)-valued 2-
form. The Pfaffian Pf(ω) of a skew-symmetic matrix ω is an invariant polynomial of degree n of
the matrix ω, for which the determinant equals the square of the Pfaffian. Consequently, Pf(Ω) is
a 2n-form on the manifoldM. Then, ∫

M

Pf(Ω) = (2π)nχ(M). (4)

3. DIMENSION/LINEAR ALGEBRA

4. GLUEING/MANIFOLDS

Glueing two manifolds (local pieces)U and V means forming the manifoldU+fV := (UtV)/(x ∼

f(x)) where two manifolds U and V , two possibly smaller pieces U ′ ⊂ U and V ′ ⊂ V and an
isomorphism gUV : U ′ → V ′ are given. When we have to glue more than two manifolds together,
there arises compatibility questions. Say, you glued U to V and V toW. Is this the same as glueing
U toW? This is the compatibility question, called the cocycle condition, which must be answered:

gUVgVW = gUW (5)
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4.1. Projective Line P1C. The projective line P1C can be viewed both as a complex manifold and
as a scheme. We give both of these two descriptions. This example is the primordial example for
the glueing construction in both categories. For this reason, it should be read and thought of very
throughly.

4.1.1. As a Complex Manifold. The complex projective line P1C is a complex manifold. We can glue
two copies of C, one with coordinate u and the other with coordinate v together to get P1C. The
glueing map (transition function) is

u 7→ 1

v
, (6)

or its inverse

v 7→ 1

u
. (7)

Notice that these maps are well-defined only if u 6= 0 and v 6= 0. Using the transition functions,
we identify the two open subset C \ {u 6= 0} with another open subset C \ {v 6= 0}.

Here, we have glued two complex manifolds, the two copies of C along the open subsets C\{u 6=
0} and C \ {v 6= 0} using a holomorphic map u 7→ 1

v
.

After the identifications had been done, we will simply write u = 1
v

and v = 1
u

.

4.1.2. As a Scheme. Schemes are built by gluing of rings (of functions) much like manifolds are
built by gluing of coordinate charts.

To cook up the scheme P1C, we rewrite everything in the language of functions. The ring of
functions on C with coordinate u is C[u]. Similarly, the ring of functions on C with the coordinate
v is C[v]. Notice that, since u 6= 0, 1

v
becomes a well-defined function on C \ {u 6= 0}. The ring of

functions on C \ {u 6= 0} is C[u, 1
u
]. Similarly, the ring of functions on C \ {v 6= 0} is C[v, 1

v
].

The inclusion C \ {u 6= 0} ⊂ C translates to the ring side as the ring homomorphism

C[u]→ C[u,
1

u
].

Notice the reversal of arrows! Always remember that arrows are reversed when we go between
sets and rings

Similarly, we have

C[v]→ C[v,
1

v
].

Now, we glue the ring C[u] to C[v] by the isomorphism of rings between C[u, 1
u
] and C[v, 1

v
]:

u 7→ 1

v
.

We summarize these in a table:
Sets Rings of Functions

C with coordinate u C[u]
C with coordinate v C[v]

Open subset C \ {u 6= 0} C[u, 1
u
]

Open subset C \ {v 6= 0} C[v, 1
v
]

Open set C \ {u 6= 0} is glued to the open set C \ {v 6= 0} by the analytic isomorphism u 7→ v = 1
u

.
On the scheme side, we glue the ring C[u] to the ring C[v] via the isomorphism of rings C[u, 1

u
]→

C[v, 1
v
] defined by u 7→ 1

v
.

In this example, only two open sets (two rings) are glued together. So there is no need to check
the cocycle condition.
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4.2. Projective Plane P2. Here we have an example where we have to check the cocycle condition.
We glue together 3 open sets.

Let U, V ,W be copies of C2 with coordinates, (u1, u2),(v0, v2) and (w0, w1).

(u1, u2) 7→ (v0, v2) = (
1

u1
,
u2

u1
)

(v0, v2) 7→ (w0, w1) = (
v0

v2
,
1

v2
)

(u1, u2) 7→ (w0, w1) = (
1

u2
,
u1

u2
)

We have only 3 patches we would like to glue. Therefore, there is a single cocycle condition to
check. It is not quite straightforward to see that these maps glue. Can you guess how you could
construct the projective n-space Pn? I could give you a the charts, the transition functions between
them and you can check that they glue and the we can call resulting object the projective n-space.
But, this would be not be very instructive. It would not be very honest either. Because I already
have a different image and definition in my head. For instance, his is how I would calculated the
transition functions above.

The true definition of the projective space P(V) for a vector space V is the space of 1-dimensional
subspaces of V . For a given 1-dimensional subspace L of V , denote the corresponding point in
P(V) by [L]. This is also called the projectivization of the vector space V .

Alternatively, we could describe projective space P(V) as a quotient of V \0 divided by the mul-
tiplicative group Gm. The elements of P(V) represents the equivalence classes for the equivalence
relation of being collinear.

4.2.1. Quotient spaces and well-definedness. Given a set S and equivalence relation ∼ on the set S, the
set of equivalence classes of S under the relation ∼ will be called the quotient space of S under ∼. It
will be denoted by S/ ∼. The example we have in mind is, of course, the projective space, which is
the quotient space of V \ 0 by the relation

x ′ ∼ x if x ′ = λx for some 0 6= λ ∈ k.

How do we construct mathematical entities on a quotient space? Typically, this is done as fol-
lows:

• First, construct an entity on the set S,
• Second, show that this entity depends only on the equivalence class.

This is one of the very first examples of descent, a major subject in algebraic geometry.
Alternatively, we can formulate the steps above as a well-definedness problem:
• First, construct an entity on a set of representatives of the equivalence classes of S under ∼,
• Second, show that the entity defined for a representative is indeed independent of the rep-

resentative, but depends on the equivalence class.
The example we have in mind is the projective space P(V).

4.2.2. Homogeneous coordinates. What about some coordinates? In order to introduce coordinates
on P(V), we first introduce coordinates on V . Once we choose a basis of V say e0, · · · , en, then we
write for any vector x ∈ V , we can write x = x0e0 + · · · + xnen where xi ∈ k for i = 0, . . . , n. The
coordinates are xi’s are functions of the vector x.

From the definition of P(V), we know that two nonzero vectors are sent to the same point in
P(V) if they line on the same line. If x and x ′ are two such points in V , this means that there is a
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nonzero λ ∈ k (i.e. λ ∈ Gm), so that x ′ = λx. We could also write these in the coordinates

(x ′0, . . . , x
′
n) = λ(x0, . . . , xn) = (λx0, . . . , λxn).

You see that the ratio x ′i : x ′j = xi : xj. For this reason, the point P(V) is denoted by

[x0 : · · · : xn].

Notice that [x ′0 : · · · : x ′n] also denotes the same point. On the space P(V), we cannot have true
global coordinates, but this is as close as we could come. These are called homogeneous coordinates
on the projective space Pn(V).

Homogeneous coordinates fail to be coordinates, because they fail the very first requirement. A
single coordinate is first of all a function, which says that the value of a single coordinate must be
well-defined.

A single homogeneous coordinate xi is not well-defined. What is well-defined about xi is
whether it vanishes or not: The conditions xi = 0 and xi 6= 0 are well-defined for any i = 0, . . . , n.
Also a given a pair of homogenous coordinates xi and xj, the ratio xi : xj is also well-defined. You
could check that the triple ratio xi : xj : xk is also well-defined.

Consequently, the values of a polynomial f(x0, . . . , xn) are not well-defined. Could we make
something out of a polynomial fwhich is well-defined? Perhaps, not for all polynomials f, but for
some interesting class of polynomials.

To answer this question, we should look at f(x) and f(λx). A nonzero polynomial f = f0 + f1 +
· · · + fd, where d is the degree of f and fi is the degree i homogeneous part of the polynomial. If
we plug λx in f(x), we get

f(λx) = f0(λx) + f1(λx) + · · ·+ fd(λx) = λ0f0(x) + λ1f1(x) + · · ·+ λdfd(x).

If f is non-constant, as polynomials of x, f(x) and f(λx) are not equal. What if f was homoge-
nous? In other words, f = fd. Then, f(λx) = λdf(x). Then, the vanishing (equivalent, non-
vanishing) would be well-defined, as for the degree one homogeneous polynomial xi. Conversely,
the nonvanishing of a homogeneous polynomial f(x) is also well-defined.

What about more than one homogeneous polynomial f? What if you have two homogeneous
polynomials f and g, respectively of degreem and n, is the ratio f : gwell-defined? Let’s see:

f(λx) : g(λx) = λmf(x) : λng(x).

We see that this ratio is well-defined, if the degrees m and n are equal. Then, for any x ∈ V \ 0,
and λ ∈ Gm, then f(λx) : g(λx) = f(x) : g(x). So this ratio represents an entity which depends only
on the line k · x ⊂ V , which corresponds to a point [k · x] ∈ P(V).

4.2.3. Homogenization/Dehomogenization. One way to think about the projective space Pn is to think
of it as a compactification of the space An.

A compactification of a noncompact topological space X is a compact topological space X and
a homeomorphism onto its image, h : X → X with h(X) dense inside X. Any topological space X
has a compactification, called the one-point compactification which is obtained by adding a point at
infinity to X. For instance, the one-point compactification of C is the complex manifold P1C.

The projective space Pn can be thought of as the compactification of the affine space An. Indeed,
it can be thought of as the compactification of various affine spaces.

Pick a linear functional f on kn+1, in other words a homogeneous polynomial of degree 1. Out
of fwe can manufacture two disjoint subsets of Pn given by the excluding equations:

f(x) 6= 0 and f(x) = 0.
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Using a linear change of basis, we can assume f(x) = x0. All what we will say is true for
arbitrary linear homogeneous polynomial f. Yet perhaps, it is easier follow the argument, when f
is a monomial, such as x0.

4.2.4. Change of Basis. Of course, one can change the original basis by a linear transformation, this
would induce a linear change of homogeneous coordinates on the projective space.

4.3. A bit more about projective space Pn. For more, see “A Field Guide to Projective Spaces”.

4.4. Hyperelliptic Curves. Let x1, . . . , x2n be 2n distinct points in P1C. If any of these points is
infinity, change the numbering so that x2n is infinity. Define

f(x) =

{
(x− x1) · · · (x− x2n) , x2n 6=∞
(x− x1) · · · (x− x2n−1) , x2n =∞ (8)

The equation

y2 = f(x) (9)

defines a smooth curve in C2 with coordinates x, y.
In another C2 with coordinates x ′, y ′, define another smooth curve with

f ′(x ′) =

{
(1− x1x) · · · (1− x2nx) , x2n 6=∞
(1− x1x) · · · (1− x2n−1x) , x2n =∞ (10)

y ′2 = f ′(x ′). (11)

We can glue these two 1-dimensional complex manifolds together by the following analytic
isomorphism:

x 7→ x ′ = 1
x

y 7→ y ′ = y
xn

In this example, there is a minor difference between the complex category and the algebraic
category.

• Complex category:
We glue together two 1-dimensional complex manifolds to form a compact 1-dimensional

complex manifold. Because we have glued only two pieces together, we do not need to
check the cocycle condition. However, the pieces we have glued are not coordinate charts!
They are not the local models in the complex category.
• Algebraic Category:

However, being closed subsets in an affine space, they are local models in algebraic ge-
ometry.

Remark 4.5. Here what we have done is not homogenizing the affine curve given by y2 = f(x), at least not
in the usual projective plane.

You can try to homogenize this affine curve inside the projective plane, you would see that singularities
will arise. However, the curve we have constructed is smooth everywhere by definition.
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5. UNGLUING/IMPLICIT FUNCTION THEOREM

We glue smaller pieces to produce a larger geometric object. Sometimes we have to do the
reverse. The geometric object is given in a some larger space cut out by some equations. At this
point, we do not know if this object is a manifold. Then, the standard questions we have to answer
at first are:

(1) What is the dimension of our geometric object?
(2) Given a point on our geometric object, is this a smooth point? In other words, is our space

a manifold near this point?
(3) If so, what is the tangent space at this point?
(4) How do you find a coordinate system near this point?

Most of what we can do in mathematics goes back to linear algebra. Here the story is the same.
To have a rough idea of our geometric object, what we do is linear algebra with the Jacobian. Bear
in mind that our geometric object may have several different components which may differ in
dimension.

Let’s assume that the Jacobian is of full rank at some point. This means that at least our equations
cut a locus which has one component of the expected dimension. In this situation, the expected
dimension is the number of variables minus the row size of the Jacobian matrix.

At such a point, one can calculate the tangent space using the Jacobian and use Implicit Function
Theorem to find a coordinate system answering all the question (1)-(4) listed above.

Although algebraic geometry requires you to keep an eye looking for singularities, this does not
mean that you constantly struggle with the singularities of the objects you are dealing with. In
most situations, you are going to deal with smooth points.

You may think that since we know that our geometric object is a manifold near the given point,
why we should bother with finding a coordinate system? For example, there are quantities which
need to be calculated in some coordinate system. The quantity may be invariant under change of
coordinates, but you still need to use some coordinate system to calculate this quantity.

A good example for this is a divisor on an algebraic curves. Say, you are given a rational function
or a differential form on an algebraic curve. Then, what is the corresponding divisor?

5.1. The idea. Let’s start with a simple equation:

ax+ by+ c = 0. (12)

We want to answer one of the following equivalent questions.
• How can we parametrize this line?
• Which one is the independent variable? Which one the dependent variable?
• How can we a find a coordinate system on this line?

The answer is depends on the inequalities a 6= 0, b 6= 0.
(1) If a 6= 0, then we can solve for x (the dependent variable) in terms of y (the independent

variable)

x = −
by+ c

a

which tells us that y gives a coordinate on the line.
(2) If b 6= 0, we see that x and y switch roles. The variable x is the independent one and y the

dependent

y = −
ax+ c

b

which makes x the coordinate on the curve.
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Once x is a coordinate on the line, any affine transformation x 7→ dx+ewith d 6= 0 and arbitrary
e.

Here we have only 1 equation in 2 variables. We increase the number of equations and the
variables to, say k and n. Set m := n − k. We can write these equations in a compact form if we
use matrices. By A denote the k× n coefficient matrix for equations, X the n× 1 column vector of
variables, B a k× 1 column vector:

AX+ B = 0. (13)
Assume that rkA = k, i.e. rank of A is maximal. Without loss of generality, we can assumme

that A is of the form A = [P|R] where P is an invertible k × k matrix and R an arbitrary k × m
matrix. Once we know that rkA is maximal, we could reorder the columns of A, rows of X and B
so that A has the above form.

Once A is in this form, we could multiply the equation by the inverse P−1 of P and arrive at the
equation:

A ′X+ B ′ = 0, (14)
where A ′ = [Ik|R

′] = P−1[P|R] and B ′ = P−1B. This above equation tells us that first k variables
x1, . . . , xk are linear combinations of the remainingm variables xk+1, . . . , xn plus some constants:

x1 = f1(xk+1, . . . , xn)
...

xk = fk(xk+1, . . . , xn).

(15)

If F denotes the column vector of functions f1, . . . , fk and X ′ the column vector of variables
xk+1, . . . , xk+m, then F = −R ′X ′ − B ′.

Here, we see that the variables x1, . . . , xk are the dependent variables, the remaining variables
xk+1, . . . , xk+m are the independent variables, and are a set of coordinates on the m-dimensional
plane in the n-dimensional space. We also see that the m-dimensional plane is the graph of the
function F.

Suppose p is a point of manifoldM. Then, any choice of basis of the tangent space TpM yields a
choice of coordinates on the tangent space TpM itself. What is true is that these coordinates on the
tangent space give you a coordinates on the manifold M itself. Conversely, any set of coordinates
onM near pwill give you a basis of the tangent space TpM.

Implicit Function Theorem uses this connection. If the Jacobian of a system of equations is of
maximal rank at a solution point p, this means the set of solutions near p is a manifold. Using
Jacobian, the tangent space and a basis of the tangent space is determined. Since the basis of the
tangent space is known, the coordinates on the set of solutions near p is known. Hence, it is a
manifold near p.

5.2. The unit circle x2 + y2 = 1 in R2. It is a good practice to test new pieces of wisdom on older
well-known examples.

In the case of the circle
C : x2 + y2 = 1,

we already know that using the special form of this equation we can solve for one of the variables
in terms of the other variable in different patches:

Patch Coordinate Dependency
Upper half x y = +

√
1− x2

Lower half x y = −
√
1− x2

Left half y x = −
√
1− y2

Right half y x = +
√
1− y2



ALGEBRAIC GEOMETRY FALL WORKSHOP 17

The Jacobian of the function x2 + y2 − 1 is [2x, 2y]. So say y 6= 0, then the Implicit Function
Theorem tells us that y is locally a (differentiable) function of x (The first two rows of the above
table).

Similarly, if x 6= 0, we see from the Jacobian that x is a dependent variable, y is indepenpent, x
is locally a function of y.

5.3. Divisors on Algebraic Curves. ...
Example. 1. Divisor of a rational function
Example. 2. Divisor of a differential 1-form

6. MANIFOLDS WITH LINEAR FIBER COORDINATES/VECTOR BUNDLES

6.1. Mobius Band.

6.2. Twist (A Little Kick). Why? Because Liouville’s Theorem.

6.3. O(−1),O,O(1).

7. PROGRAM

DAY 1
(1) Beginning examples (in increasing complexity):

(a) Reduced:
• y = x,
• y = x2,
• y2 = x2,
• y2 = x3,

(b) Nonreduced:
• (x− y)2 = 0,

(a) Reducible and reduced,
• line y = x and a point (0, 1) outside the line,

(b) Reducible and nonreduced (Embedded point),
• line y = xwith an embedded point (0, 0).

(2) Philosophical Issues
• What is a point?
• Why do we need compactness? (Kazdan quote: “Either you pay here, or at infinity.”
• Coordinates are not natural, they represent a choice.
• What is a geometric question?
• What are some fundamental properties?

– Dimension,
– Connectedness,
– Irreducibility,
– Reducedness.

• What are some fundamental operations?
– Pullback (e.g. differentials, sheaves),
– Push-forward (e.g. tangent vectors, sheaves),
– Incidence relations, pull-back then push-forward.

• Internal/external invariants/properties (e.g. Gaussian curvature, degree).
(3) Dimension/Linear Algebra:

• independent variables,
• dependent variables,
• graphs of linear mappings,
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• a glimpse of free resolutions/homogical algebra.
(4) Glueing / Manifolds

• P1,
• Hyperelliptic curves,
• P2 (Homogenization / Dehomogenization).

(5) A bit more about projective space Pn

(6) Manifolds with linear fiber coordinates / Vector bundles
• Mobius band,
• twist = a little kick (Why? Because: Liouville’s Theorem)
• O(−1),O,O(1).

(7) Unglueing / Implicit Function Theorem
• The idea,
• Unit circle x2 + y2 = 1 in R2,
• Calculate divisors of rational functions and differential forms on curves.

At the end of Day 1:
• Objects: P1, hyperelliptic curves, Pn, plane curves,O(−1),O,O(1).
• Skills: Gleuing/Unglueing, Calculating divisors on curves.

DAY 2
(1) Glue more: Hirzebruch (Rational Ruled) surfaces Fn

• Hirzebruch surfaces as quotients
• Subloci in Hirzebruch surfaces

� Introduce weighted projective spaces, WPS.
(2) Rational maps and Morphisms

• Pm → Pn,
• P1 ×P1 → P2,
• Fm → Pn,
• WPS→ Pn.

�Well-definedness?
(3) Homogeneous polynomials / Global Sections of Line Bundles
(4) Units and Dimensional Analysis (Reading Homework)
(5) Blow-up:

(a) Hirzebruch surface,
(b) Indeterminacies of Rational Maps,
(c) Resolution of Singularities,
(d) Atiyah flop.

(6) Back to curves:
• Genus,
• Riemann-Hurwitz formula,
• Your very first Ph.D. preliminary exam question,
• From divisors to line bundles,
• Curve→ Pn,
• Riemann-Roch for curves,
• Serre duality for curves.

At the end of Day 2:
• Objects/Concepts:

– Hirzebruch surfaces,
– WPS,
– Rational maps and morphisms,
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– Sections of line bundles,
– Blowup,
– Genus.

• Skills:
– Riemann-Hurwitz,
– Riemann-Roch,
– Serre Duality.

Another Day: More Geometry and Topology
(1) More bundles:

(a) Tangent Bundle
(b) Cotangent Bundle
(c) Normal Bundle
(d) Relative Tangent Bundle
(e) Relative Cotangent Bundle
(f) Projectivization
(g) Universal Bundle on Projective Space
(h) Blow-up
(i) Connections

(2) From short exact sequence to long exact sequence,
(3) A Quick Look into Cohomology
(4) Algebraic Topology
(5) Coherent Cohomology
(6) Algebraic Topology of Complex Algebraic Varieties
(7) Riemann-Hurwitz Formula etc...

Another Day: Algebra
(1) Gleuing algebras/modules:

• Double covers
(2) Push-forward

• Sample calculation,
• Nonexactness and Higher Direct Images

(3) Tensor product, pull-back, Tor functors
• Important Lesson: x : C[x]→ C[x] tensor C[x]/(x− a),

(4) Power of Algebra:
• C[x, y]/(y2 − x)⊗C C[x]/(x− a) for a ∈ C, (dimension is 2, does not jump)

(5) Flat Limits
(6) Sample Homological Algebra Calculations (Hal Schenck)

• Tor’s and Ext’s,
• Higher Direct Images.

Another Day: Chern, Todd, Riemann-Roch, Hirzebruch, Grothendieck
(1) Gauss’ Theorema Egregium,
(2) Cohomology ring of projectivized bundles,
(3) Splitting principle,
(4) Chern classes,
(5) Chern classes of O(−1) and O(1) using connections,
(6) Todd class,
(7) Topological K-Theory,
(8) Chern character,
(9) Hirzeburch-Riemann-Roch,
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(10) Grothendieck-Riemann-Roch.
Reading:
• Serre’s Mathematical Intelligencer Interview,
• Reid’s Chapters on Algebraic Surfaces, Appendix B.

Examples/Computations (Arbitrary Order)
• Twisted Cubic,
• Fibers vs. Stalks,
• Scheme-theoretic fiber,
• Flat Limits,
• Atiyah flop,
• Units and Dimensional Analysis,
• Tor functors,
• Ext functors,
• Higher direct images,
• Finding coordinates,
• Divisor calculations,
• Push-forward,
• Pull-back,
• Blowup,
• Glueing,
• Unglueing,
• Euler characteristic,


