
EXERCISES IN ALGEBRAIC GEOMETRY

KÜRŞAT AKER

1. DISCLAIMER

Originally, I tried to put together a set of exercises about moduli spaces in algebraic geometry.
Such a collection of problems is somewhat difficult to come by. Instead, I put together a set of
calculations and problems which I find useful.

Books authored by Eisenbud, Harris and their coauthors have excellent problems. Some of the
problems here are also built towards a greater ending. A great number of the problems here are
conceptual and try to illustrate a fundamental point. Many are repeated with the different initial
data.

Although I tried to classify related problems together, many calculations or objects reappear in
different settings. One reason for this is that I preferred as simple objects as possible. The other
reason is that there are many different ways to look at the same objects.

Few of the problems are built as mini research projects which one can start solving from scratch.
The basic constructions, such as cyclic covers, are standard in the literature and can be found in a
number of books with varying generality.

I believe it is best if you try to solve these problems without looking at any other references.
It is okay to discuss the problems with your friends and other mathematicians. At some point,
you may like to compare your solutions with those in the literature, but do not prematurely do
so! This would really undermine the main point. For instance, do not try to remember what a
complex structure for a real even dimensional vector space is, rather think about what it should be
by yourself. If you cannot figure out, look at the next problem. It may give you a clue.

Have fun!

2. FEW POINTS ON ALGEBRAIC GEOMETRY

Algebraic geometry differs from other branches of geometry in many ways. For instance, it
emphasizes the role of functions over the values of functions. Similarly, the corresponding algebras
are more important than the topological sets they define.

A very significant difference is about the basic building blocks of scheme theory. As in most
of mathematics, spaces (objects of geometry) are built from simpler objects. On a smooth man-
ifold or a complex manifold, given two points on the given manifold, one can find isomorphic
neighborhoods, namely balls in some Rn or Cn.

The picture is totally different in algebraic geometry. First of all, the building blocks are open
affine subschemes. This means that each point has an open neighborhood which is a closed subset
(subscheme) in some other scheme. Severely different from differential geometry, isn’t it?

A simple example of this phenomenon is U = (x 6= 0) ⊂ A1. Clearly, U is an open subset of
the affine line A1 = Spec k[x]. However, U is isomorphic to the closed subset V = (xy = 1) of
A2 = Spec k[x, y].

Moreover, it is clear that in Zariski topology, the neighborhood of two different points will look
quite different from each other. That is when piecing a scheme together from some affine schemes,
one has to work with many different affine schemes, possibly none of which are isomorphic.
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2.1. Spec and Proj. Two fundamental constructions of scheme theory are called Spec and Proj.
Although they look similar, the two constructions Spec and Proj produce objects quite different
in nature. The obvious difference is that Spec produces affine schemes and Proj projective. But
what does it mean to be projective? It refers to the fact that the resulting scheme has a closed
embedding into some projective space. This is achieved by using an ample line bundle on Proj.
This line bundle has a name, it is O(1). It is a part of the Proj construction. It realizes Proj as a
closed subscheme of some projective space. This is the fundamental difference between Spec and
Proj: Spec produces some abstract affine scheme, whereas Proj produces an embedded projective
scheme.

3. GEOMETRY

(1) State the implicit function theorem for smooth functions.
(a) What is the idea behind the implicit function theorem? Explain using linear algebra.
(b) Is there a holomorphic version? An algebraic version?
(c) Give a nontrivial example where one does not need to use implicit function theorem to

write coordinate charts on a smooth (complex) manifold.
(d) Give an example where one should use the implicit function theorem to write down

coordinate charts on a smooth (complex) manifold.
(2) Find a smooth function f : Pn

C → R. Find its critical points. Describe the critical points as
best as you can. Could you find a function f whose critical points are nondegenerate? Does
your function f satisfy any differential equations?

(3) Let M an m-dimensional real manifold. In a chart U with coordinates (u1, . . . , um), the
vectors ∂

∂u1
, . . . , ∂

∂um
form a basis for the tangent bundle TU of U.

(a) Say V is another chart with coordinates (v1, . . . , vm). What is the transition function
gUV between TU and TV ?

(b) Say W is a third chart with coordinates (w1, . . . , wm). Is the cocycle condition

gUVgVW = gUW

satisfied? Why? What have you shown?
(c) Similarly, on U, the differentials du1, . . . , dum form a basis for the cotangent bundle

T ∗U. What is the transition function between T ∗U and T ∗V ? Do they satisfy the cocycle
condition ?

(d) Now assume, M to be a complex manifold dimension and its charts U, V and W to be
holomorphic charts with holomorphic coordinates. What are the transition functions
for the real tangent bundle of M? What about the real cotangent bundle of M?

(e) On U, the vectors ∂
∂ū1

, . . . , ∂
∂ūm

form a basis for T 0,1U. What is the transition function
between T 0,1U and T 0,1V? What about the cocycle condition?

(f) Calculate the transition functions for the holomorphic tangent and cotangent bundles
of P1.

(4) Let C be a smooth curve over an algebraically closed field k and p a point on C. A function
u ∈ OC,p is called a local coordinate (or a local uniformizer) at p if the maximal ideal mp of
the local ring OC,p is generated by u. Denote the image of u in m/m2 by du and the dual of
du in hom(m/m2, k) by ∂

∂u
.

Given any two local coordinates u and v at p, there is an invertible function g ∈ O∗
C,p so

that u = gv. Consequently, du = αdv and ∂
∂u

= α−1 ∂
∂v

for some α ∈ k∗. In the analytic
setting, α = g(0).
(a) Given u ∈ OC,p, show that if du spans Ω1

C,p, or equivalently ∂
∂u

spans TC,p, then u is a
local coordinate at p.
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(b) This means that for a given u, du or ∂
∂u

tell us how far the u is away from being a
coordinate at p. Given a regular function f ∈ Γ(OC), we can ask at which points f

defines a local coordinate and at which points it does not. Take C = A1 = Spec(k[x])
and let f = x2. Where does x2 define a local coordinate on A1?

(c) The projective line can be obtained from two copies of affine line with coordinates, u

and v glued together by the relation u = 1
v
. On which subsets of P1 do u and v de-

scribe local coordinates? What is the relation between du and dv? What is the relation
between ∂

∂u
and ∂

∂v
?

(d) Let D = n · p∞, where n is any integer and p∞ = (v = 0). Produce trivializations for
OP1(D) on the coordinate charts of u and v. How do the trivializations glue, i.e. what
is the transition function between from one to the other? What is the integer corre-
sponding to the cotangent bundle? What is the integer corresponding to the tangent
bundle?

(e) Let D = p∞ and consider s := u as a rational section of O(p∞). First, calculate the
divisor of s inside O(p∞), then calculate the divisor of s as a rational function, i.e. a
rational section of O.

(f) Let E be the elliptic curve obtained by gluing the two following affine curves,

y2 = x(x − 1)(x + 1)

w2 = z(1 − z)(1 + z)

by

x =
1

z
and y =

w

z2
.

What are the divisors of x
y

, dx and dx
y

?
(g) Find a (holomorphic) vector field on E without zeroes or poles.
(h) Calculate the holomorphic tangent bundle of E.

(5) Let V be a vector bundle on a scheme X and Z the zero section of V → X. Then, NZ/V = V .
(6) Let D be a divisor inside X. Assume X is smooth along D. Then, ND/X = OX(D)|D.
(7) Given π : X → B, assume X is smooth along the image of a section σ : B → X. Then,

Nσ/X = (TX/B)|σ.

4. ALGEBRAIC TOPOLOGY AND COMPLEX MANIFOLDS

(1) Calculate the topological Euler characteristic, χ, of An
C, Pn

C, Sm.
(2) Show that topological Euler characteristic is multiplicative: Given a pair topological mani-

folds (or CW-complexes) B and F, set T := F× B. Then

χ(T) = χ(B) · χ(F).

Use this formula to calculate χ(Pn ×Pm). (Hint: Kunneth Theorem.)
(3) Consider your favorite topological category C. Choose objects B and F from C.

Definition. A locally trivial fibration with base B and fiber F in the category C is an object T of C
and a morphism f : T → B so that there exists a covering {Uα} of B and isomorphisms hα : TUα →
Uα × F.

Show that for a locally trivial fibration f : T → B with fiber F,

χ(T) = χ(B) · χ(F).

(Hint: Use the previous result together with a Mayer-Vietoris argument). Show that any Sm

fibration f : T → B has Euler characteristic 0 for odd m.
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(4) Given a complex manifold T and a submanifold S, show that

χ(T) = χ(T − S) + χ(S).

(Hint: Use a Mayer-Vietoris argument with U = T −S and V normal disc bundle of S inside
T .)

(5) Let Z be a codimension c submanifold of a complex manifold X and Y be the blow up of X

along Z. Geometrically, the blow up replaces Z in X with the projectivization P(NZ/X) of
the normal bundle NZ/X of Z inside X. Use this observation to show

χ(Y) = χ(X) + (c − 1)χ(Z).

(6) Let Y be the d-cyclic cover of X along a smooth divisor B. Then,

χ(Y) = d · χ(X) − (d − 1) · χ(B).

(7) Let h : Y → X be a finite covering of smooth projective curves of degree d. Denote the local
degree of h at a point y ∈ Y by ey, called the ramification index. Prove the Riemann-Hurwitz
formula

χ(Y) = d · χ(X) −
∑

(ey − 1).

(Suggested Reading: WIKIPEDIA is quite a good source on ramification and the Riemann-
Hurwitz formula.)

USE the information we have gathered above to solve the following problems:

(8) Calculate the number of singular fibers in a generic pencil of plane curves of degree d.
(9) Calculate the number of singular fibers in a generic pencil on curves of type (a, b) on the

smooth quadric surface.

5. GROUP THEORY AND TANGENT SPACES

(1) Calculate the tangent space to the identity element of GL(n,C), U(n), all the complex sim-
ple Lie Groups and their compact versions.

(2) Prove that the tangent space to the identity element of the centralizer of a given element in a
algebraic group is the centralizer of the same element inside the corresponding Lie algebra.

(3) Show that any compact complex Lie group is commutative.

6. LINEAR ALGEBRA OPERATIONS AND PROJECTIVE GEOMETRY

For a given k-vector space V , denote the space of one dimensional quotients of V by P(V). Fix
k-vector spaces V and W. To answer the questions below, use coordinate-free arguments!

(1) Assume W is a linear subspace of V . Projectivize the inclusion W ↪→ V . What can you say
about the resulting map P(V) → P(W)? Is it a morphism or only a rational map? What is
its locus of indeterminacy? What happens when you blow up the locus of indeterminacy?
Could you precisely tell what the resulting variety is in terms of V and W?

(2) Describe the Segre embedding P(V)×P(W) ↪→ P(V ⊗W).
(3) Describe the n-th Veronese embedding P(V) ↪→ P(Symn V).
(4) What is the relation between P(V ⊕W) to P(V)×P(W) ?
(5) Repeat the exercise using graded rings!
(6) Repeat the exercise for other Grassmannians.



EXERCISES IN ALGEBRAIC GEOMETRY 5

7. BASIC ALGEBRA

(1) Fix a nonnegative integer n. Let A = k[x] and B = k[x, y]/(y2 − xn). Is B flat over A? Is
it free as an A-module? What is its rank as an A-module? Find a basis for B. Let my be
the multiplication by y map on B, defined by my(b) := y · b for all b ∈ B. Is it A-linear? If
so, write down the matrix corresponding to my with respect to the basis you have chosen.
What is the determinant of this matrix? What is the characteristic equation of this matrix?

(2) What about B = k[x, y]/(xy − 1)?

8. LINEAR ALGEBRA AND MODULI

(1) A complex vector space has necessarily even real dimension.
(a) Conversely, given a real even dimensional vector space V , define how one can make V

into a complex vector space. Such a choice is called a complex structure for V .
(b) Decide which two complex structures should be called equivalent.
(c) Does V admit a complex structure ?
(d) Is it unique ? Is it unique up to equivalence ?
(e) If not, how many choices are there ? More precisely, can you parametrize the set of

complex structures ? the set of complex structures up to equivalence ?
(f) If there is such a parameter variety in either case, what is its real dimension ?

(2) Let k be a field, V a finite dimensional vector space and R be the polynomial ring k[x].
Describe how one can make V into an R-module. What are the necessary and sufficient
conditions to be an R-module? Call the resulting structure an R-structure for V . Repeat the
previous exercise for R-structures.

(3) Let f an irreducible monic polynomial in k[x]. Repeat the exercise above for R = k[x]/(f).
(4) Generalize the above setup as much as you can.

9. LOCAL PROPERTIES OF SCHEMES

(1) Define a morphism by sending y ∈ A1 7→ y2 ∈ A1. Write down the corresponding homo-
morphism on the level of algebras. (Recall that between Algebra and Geometry, arrows do
get reversed.)

(2) Define the scheme theoretic fibers of a morphism φ : Spec(B) → Spec(A) for algebras A and
B. What are the scheme theoretic fibers of y ∈ A1 7→ y2 ∈ A1 ?

(3) Let X be the algebraic variety cut out by xy = w in A3.
(a) What is the dimension of X? Is it irreducible ? Is it smooth ?
(b) Repeat the same question for the fibers of the morphism

(w, x, y) ∈ A3 → w ∈ A1.

What do the fibers look like ?
(c) Do a base change by z ∈ A1 → w = z2 ∈ A1, denote the resulting variety by Y. Namely,

Y is the fiber product of A1
z by X by z 7→ w = z2. Answer the previous questions for Y.

(d) It will turn out that Y is singular. Find a resolution of singularities of Y. Is the resolution
minimal ? Is the minimal resolution unique ?

(4) Repeat the question above for y2 = w, where the coordinates on A3 are still (w, x, y).
(5) Let X be the quadric cone in A3 given by the equation xy − z2 = 0 over an algebraically

closed field k.
(a) Is X smooth ?
(b) If not, could you resolve the singularity of X ? Could you obtain the resolution by blow

ups ? How many blow ups are required ?
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(c) If so, what can you say about the exceptional divisor ? Is it irreducible ? Is it smooth ?
What is its genus ? Up to isomorphism, could you tell which curve is it ?

(6) Repeat the exercise above for surfaces given by the equations
(a) xy − z3 = 0,
(b) xy − z4 = 0.

(7) Redo (3) above for the algebraic variety X defined by xy − z2 = t in A4 and the morphism
φ(t, x, y, z) = t.

10. CURVES

(1) Fix a polynomial f ∈ k[x]. Assume characteristic is zero.
(a) What is the geometric genus of y2 = f(x) ? By geometric genus of a given, we mean

the genus of the desingularization of the completion of the given curve.
(b) What about y3 = f(x)?
(c) Play with the exponent of y and the polynomial f(x).
(d) What happens if the characteristic is positive ?

(2) Which algebras are significant for smooth curves? Why so?
(3) A commutative unital algebra A is called local if it possesses a unique maximal ideal, which

we denote by mA. The corresponding scheme Spec A has a unique closed point correspond-
ing to mA and the generic point corresponding to the ideal (0). The local ring A is called a
discrete valuation ring (DVR for short) if mA is a principal ideal, say generated by an element
u ∈ A called the local parameter (uniformizer). Any nonzero element of g ∈ A can be writ-
ten in the form g = aun for some invertible element a ∈ A∗ and some nonnegative integer
n. Define ordA(g) := n. Set ordA(0) = +∞.

Investigate the properties of ordA.
A homomorphism i : A → B of local rings is called local if f(mA) ⊂ mB. Assume A and

B to discrete valuation rings. Let U = Spec A and V = Spec B with local coordinates u and
v, i.e. mA = (u)A and mB = (v)B. Denote the respective closed points by P and Q and the
corresponding morphism V → U by f. Let e := ordV(u) called the ramification index.

Show that for any differential form η on U,

divf∗(η) = f∗(divη) + (e − 1)Q.

Use this local result to prove Riemann-Hurwitz formula using differentials.
(4) Show that a morphism from an open subset of a smooth curve to a projective variety can

be completed to the rest of the curve.
(5) What is the significance of three times the canonical class for smooth projective curves of

genus at least 2? Explain with examples, counterexamples etc.
(6) Give an example of non-flat projective morphism between two curves which is generically

one-to-one.
(7) Find the geometric genus and count the number of Fq-rational points of the Suzuki curve

whose affine equation is given by

yq − y = xq0(xq − x),

where q0 = 2n and q = 22n+1.
(8) (Colliot-Thelene) Let k be any field. Let f : Y → X be a finite morphism of even degree

between the smooth conics Y and X. Then X has a k-rational point.

11. SURFACES

(1) Give an example of non-flat projective morphism between two surfaces which is generically
one-to-one.
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(2) Study the Cremona Transformation f[x : y : z] = [yz : xz : xy].
(3) Produce a birational map f : P1 ×P1 → P2 and its inverse f−1 : P2 → P1 ×P1.
(4) The projective plane P2 can be thought of as a compactification of the plane by adjoining

the points at infinity for each parallelism class to the plane. The difference is a copy of P1,
usually called the line at infinity. More generally, it is called a boundary divisor.

The surface P1 × P1 also contains the plane as an open subset. So it could be thought of
as a compactification of the plane. Could you make this compactification meaningful? For
instance, in P2 the points of the boundary divisor correspond to the parallesism classes in
the plane. What about in this case?

Surfaces P2 and P1 × P1 are birational. Is the birational isomorphism meaningful when
P2 and P1 ×P1 are seen as compactifications of the plane?

12. CYCLIC COVERS

(1) Fix a smooth scheme S and an effective divisor B. Assume that B has a nth root L, i.e.
L⊗n = OS(B). Fix a global section s ∈ H0(OS(B)). Let p : T → S be the total space of the line
bundle L.
(a) Notice that the line bundle p∗L has a preferred section. Denote it by t.
(b) Let X be the zero divisor of tn − p∗s inside T . Show that X → S is finite and flat.
(c) Is X smooth? What are the singularities of X?
(d) Let Y be the normalization of X and π : Y → S. What is the canonical class KY of Y?
(e) What can you say about the other invariants of Y?
(f) Calculate π∗OY .

(2) Construct a sheaf of algebras A on S starting from the global section s. Reconstruct X using
the relative Spec of A.

(3) Let S = P1. Let X be the double cover of X branched along B where
(a) B = p1 + p2 for two distinct points p1 and p2, or
(b) B = 2p for some point p ∈ P1.

What are X and Y in each case?
(4) Fix a smooth conic B in P2. Let X be the double cover of P2 branched along C and Y be the

desingularization of X. In this problem, the general aim is to determine the properties of
the surface Y and the surface Y if you can. Bear this in mind while solving the problem.
(a) Analyze Y, its smoothness, canonical class.
(b) What are the possible positions between a given line and the conic curve in P2?
(c) What is the inverse image of a line P2 inside Y? Notice that this depends on the position

of the line with respect to the branch locus C. For example, inverse image of a line L

which is tangent to C must be reducible (Why?). Write L1 + · · ·+ Ln for the irreducible
components of p∗L. How many irreducible components does it have? What can you
say about the components? Are they smooth? What are their genera?

(d) Calculate the cohomology of OY(Li).
(e) Are the irreducible components Li of L linearly equivalent?
(f) Can you now tell which surface Y is?

(5) Fix a pair of distinct lines M1 and M2 in P2. Let B be the union of M1 and M2. Redo the
problem above for B.

(6) What if M1 = M2?
(7) Redo with a cyclic triple cover with branch divisor a smooth cubic B. Try triple covers with

different choices of B.
(8) Repeat the exercise above for n = 4, 5, 6 starting with the nth cyclic cover of P2 branched

along a smooth degree n curve B.
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13. DIVISORS AND LINE BUNDLES

(1) What is a divisor?
(a) What is a Weil divisor?
(b) What is a Cartier divisor?
(c) When are Weil divisors Cartier divisors?
(d) How are divisors related to line bundles?

(2) What is a line bundle?
(a) Give an example of a line bundle.
(b) Give a nontrivial example of a line bundle. Why is it nontrivial ?
(c) What is a global section of a line bundle?
(d) Produce a nontrivial line bundle with a nonzero global section. (Every line bundle has

a zero section. A nonzero section may vanish at some points, but not everywhere).
(e) Why do we need line bundles in algebraic geometry?
(f) Give examples of different uses of line bundles in algebraic geometry.

(3) Let S be a smooth projective surface over k.
(a) Suppose two disjoint divisors A and B are given on S. What is the intersection product

A · B of A and B?
(b) Assume that there is a morphism from S to a smooth projective curve C. Denote the

fiber class of this morphism by F. Then F2 = 0.
(c) Let T be the blow up of S at some point s. Work out the basic relations between divisors

on S and T : What is the canonical class of T in terms of S? Express the proper transform
a divisor on S in terms of the divisor on S.

14. RESOLUTIONS

(1) Let R = k[x, y], I = (x, y)R.
(a) Show that the sequence

0 → R

24x

y

35→ R2

h
y − x

i→ I → 0

is exact.
Such an exact sequence by free modules is called a free resolution for the module I.

(b) What happens when you tensor the above sequence by R/I?
(c) What is the dimension of I⊗k R/I ?
(d) Is I a free R-module? Is it projective? Is it a flat R-module?
(e) Calculate TorR

i (I, R/I).
(2) Let A2 = Spec(R), O := R̃, I := Ĩ in the notation of Hartshorne. Show that the sequence

0 → O

24x

y

35→ O2

h
y − x

i→ I → 0

is exact.
Such an exact sequence by locally free sheaves is called a locally free resolution for the

coherent sheaf I.
(3) Let R = k[x, y, z], P2 = Proj(R), O := OP2 and I be the ideal sheaf corresponding to the

homogenenous ideal (x, y). What is the degree of x as an element in the graded ring R?
Which line bunles is y a global section of? Find a locally free resolution for the ideal sheaf
I. What are the degrees of the line bundles you use in your resolution?

(4) Can you find a locally free resolution for the ideal sheaf I of a point on P1 ×P1?
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15. COHOMOLOGY

15.1. Curves. On a smooth projective curve C, given a divisor D, H0(C,D) is the set of all rational
functions f so that div(f) ≥ −D.

(1) Show that if H0(C,D) 6= 0, then deg D ≥ 0. Equivalently, if deg D < 0, then H0(C,D) = 0.
(2) Let C = P1 with homogeneous coordinates [u : v] and D = n · p∞ where p∞ = [1 : 0].

Calculate H0(P1, D). What is its dimension?
(3) Assume for some point p ∈ C, dimk H0(C, p) ≥ 2. Then C ∼= P1

k.

15.2. Leray.
(1) Classify all the line bundles on a given Hirzebruch surface and calculate their cohomology.

15.3. Riemann-Roch. State the Hirzebruch-Riemann-Roch.
On a smooth scheme X, fix an ample line bundle O(1). Write the explicit form of Riemann-Roch

for an arbitrary coherent sheaf, line bundle and vector bundle if X is
(1) a curve,
(2) a surface,
(3) a threefold

as well as the corresponding Hilbert polynomial with respect to O(1).
State the Grothendieck-Riemann-Roch.

16. PUSH-FORWARDS AND HIGHER DIRECT IMAGES

(1) Let a positive integer n and P1 := Proj k[x, y]. Let π[x : y] := [xn, yn]. Calculate π∗OP1(m).
(You may use Grothendieck-Riemann-Roch if you like. Try for n = 2 first.) Try to do it
explicitly writing down a basis for R0π∗OP1(m).

(2) Let S be an algebraic surface, p a smooth point on S, I the ideal sheaf of p, π : T → S the
blow up of S at p and E the exceptional divisor of p. Show that R0π∗OT (−nE) = In and
R1π∗OT (−nE) = 0.

(3) Show that the push-forward of a torsion-free coherent sheaf is torsion-free.
(4) Let E be a smooth elliptic curve and fix a point p0. Let π : E× E → E be the first projection

map. Denote the diagonal divisor by ∆ and set D := ∆−E× {p0}. Calculate the higher direct
image sheaves R0π∗OE(D) and R1π∗OE(D). Calculate the sheaf cohomology of OE(D) in
two different ways:
• Using a standard sequence such as

0 → O(∆) → O(D) → O(D)|E×p0
→ 0.

• Using the Leray spectral sequence.

17. BASICS OF HILBERT SCHEMES

Let k be a field. A finite subscheme Z of a scheme X is of length n if

dimk H0(Z,OZ) = n.

(1) What does a subscheme of length n look like in A1 ?
(2) Given n points x1, . . . , xn on A1

C attach algebraic data fx so that for permutation σ, fσ(x) = fx

where x = (x1, . . . , xn).
(3) Give an algebraic variety Hn which parametrizes collections of n-points in A1.
(4) Show that the map x ∈ (A1)n 7→ fx ∈ Hn is a morphism.
(5) Answer (1)-(4) for P1 replacing A1. Calculate the Hilbert polynomial.
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(6) The variety of n-points on a smooth curve C is smooth. Give both a complex analytic
argument and a purely algebraic argument.

(7) How can you parametrize hypersurfaces of a fixed degree d in Am? What is the dimension
of the parameter space? Is there a universal family of degree d hypersurfaces in Am?

(8) What about hypersurfaces of degree d in Pm?
(a) What is the Hilbert polynomial of a degree d hypersurface in Pm?
(b) Say Z is a closed subscheme of Pm. Suppose the Hilbert polynomial of Z equals the

Hilbert polynomial of a degree d hypersurface. Then what can you say about Z?
(c) Is there a parameter space for degree d hypersurfaces in Pm?
(d) Is there a universal family?
(e) Is it a complete family?

18. RINGS OF INVARIANTS

(1) Fix a primitive nth root ξ of unity in C. Fix an action of the group Z/nZ on C2 as follows:
ξ · (x, y) := (ξx, ξy). Calculate the ring of invariants k[x, y]Z/nZ. What is Spec k[x, y]Z/nZ?
Can you describe it as a subscheme of some affine space? What if we set ξ · (x, y) :=
(ξx, ξ−1y)?

(2) Fix integers a and b. Set an action by ξ · (x, y) := (ξax, ξby). Repeat the previous exercise
for various values of a and b.

(3) Let Gm act on C2 by λ · (x, y) := (λx, λ−1y). Calculate k[x, y]Gm .
(4) Let Ga act on C2 by λ · (x, y) := (λ + x,−λ + y). Calculate k[x, y]Ga .

19. REPRESENTING FUNCTORS

(1) Give an example to a non-representable functor.
(2) Define the flag functor and show that it is representable.
(3) Let P(m) :=

(
m+n

n

)
−

(
m+n−d

n

)
. Show that the Hilbert functor attached to Pn whose Hilbert

polynomial is P(m) is a representable functor.
(4) Do the hyperelliptic curves of genus g ≥ 2 have a fine moduli space?
(5) Given a scheme X and a fixed polynomial P(m) = 2, show that the associated Hilbert

functor is representable.

20. TANGENT SPACES

(1) Describe the tangent space to a Grassmanian at a given point. Can you tell what the tangent
bundle is?

(2) Describe the tangent space to a flag variety at a given point and the tangent bundle.
Calculate the first order deformations of

(3) a scheme X,
(4) an inclusion f : X → Y,
(5) a line bundle, a vector bundle, a principal bundle, a fiber bundle,
(6) a curve with marked points,
(7) an extension.
(8) How are the deformations of a scheme X and the deformations of an inclusion f : X → Y

related?
(9) Explain the relation between the universal enveloping algebra U(g) of a semi-simple Lie

algebra g and Sym(g).


